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We provide a review of Laplacian growth geared at making a link between this problem and quantum
integrability. The purpose is to put to use the link between quantum integrability and conformal field
theory in order to provide a theory for the fractal structure of Laplacian growth clusters. The paper
only provides the framework for this conjectural connection, while leaving the realization of this
program for later work.
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1 Introduction

1.1 Laplacian Growth

The phenomenon of Laplacian growth constitutes one of the basic paradigms for the appearance of
fractal patterns in physical systems out of equilibrium. Laplacian growth models may be encountered
in natural settings, in engineering applications and in the lab. To introduce Laplacian growth we de-
scribe briefly an instance of it found in the latter settings, namely, in a laboratory experiment involving

a Hele-Shaw cell.

A Hele-Shaw cell (see Fig. 1) is composed of two glass plates fixed in place such that a small gap,
which may be filled with fluid, is allowed to form between them. One of the glass plates contains a
hole. The glass plates are horizontal. To obtain a Laplacian growth pattern between the two plates a
high viscosity fluid is allowed to entirely fill the gap between the plates. Then, fluid of low viscosity
is injected through the hole. The two fluids are immiscible. As the low viscosity fluid is injected, a
bubble of the low viscosity fluid expands within the ambient high viscosity fluid, a portion of which,
in turn, escapes the Hele-Shaw cell through the cell’'s perimeter.

The interface between the low viscosity bubble and the high viscosity fluid surrounding is seen to
possess a intricate fractal pattern, which was intensely studied numerically and analytically. The inter-
face consists of fingers on different scales, somewhat reminiscent of a snow flake, though much less
regular. The fractal dimension of the interface has been established numerically [1] and experimen-
tally [2], and was found to be, say,71 4+ 0.03. In addition, the multi-fractal nature of the so-called
harmonic measure of these clusters have been studied [3, 4].

oo

e
—
i N

Figure 1: A low viscosity fluid, say air, is pumped through a hole (black circle) in one of the glass
plates constricting the gap of the Hele-Shaw cell, which is otherwise filled with a high viscosity
fluid, say oil. As air is pumped, oil escapes through the sides of the cell, while a droplet with an
intricate interface is formed. Depending on the protocol of injection, the interface may become multi-
connected.

The rate of injection, as long as it is large, is immaterial to the shapes that appear, and as such
we may assume this rate to be constant. Since then the area inside the interface increases linearly, we
may measure time in units of the area of the low viscosity droplet. Thus, henceforth, we talk of the
physical time and the area of the low viscosity droplet interchangeably.

Copyright 2017 KEI Journals. All Rights Reserved Page | 3



Quarterly Physics Review, Vol. 3 Issue 2, July 2017
Classical and Quantum Integrability in Laplacian Growth

A theoretical prediction of the fractal dimension and other fractal properties of the cluster has long
been at the focus of a fairly large body of scientific research (although interest may have waxed and
waned). The purpose of the current article is twofold. First, we wish to review an approach to tackle
the problem based on the relation of Hele-Shaw growth to classical integrability. Second, we wish to
propose a tentative new direction of research based on quantum integrability.

As a definition of the fractal dimension of the interface we shall use the relation between the
linear size of the droplek and the area of the low viscosity droptetVe define the fractal dimension
through the observed power law relation between the two:

RP =1. (1.1)

We leave open the question of how to define of the linear size of the dréplém, addition we shall

assume that the relation (1.1) holds sharply, namely thatefined above does not fluctuate. Note

that we choose to concentrate on this global relation between linear size and area as a measure of the
fractal dimension. The proposed relation to conformal field theory will mainly be employed to explain
such a relation. Other measures of fractal dimension, including the multi-fractal spectrum [3] are not
dealt with in this paper, and may be subject of future research.

1.2 Formulation of the Problem

Imagine taking an ensemble of large droplets produced experimentally, with a fully-developed fractal
structure over many scales. Namely, the interfaces in the ensemble are fractal from a lower spatial
cutoff scale up, which may be set by surface tension and the rate of injection, to an upper spatial cutoff
scale, which is set by the amount of fluid pumped into the droplet. The interfaces are self-similar and
'stationary’ in that if the low viscosity fluid is extracted, allowing the droplets to shrink, but the
resulting interfaces are then re-scaled by a proper factor, one obtains an ensemble indistinguishable
from the original droplet (but with re-scaled lower cutoff scale). We may formulate the problem of
Laplacian growth in a weak sense, as the problem of finding possible self-similar stationary fractal
interfaces, with their respective fractal dimensions.

The problem of finding self-similar stationary fractal shapes is weaker than finding the long time
behavior of a droplet with an initially regular almost-circular shape, which is the problem implemented
experimentally. The advantages of discussing the weak problem is that many of the theoretical prob-
lems of using integrability to solve the problem are removed by this formulation. Indeed, to retain
integrability one must assume that surface-tension is absent. Nevertheless, the injection problem for
almost any initial conditions becomes ill-defined without surface tension. This problem does not exist
for the problem of finding self-similar stationary shapes, due to the fact that the Laplacian growth
enters through extraction rather than injection in this formulation. In addition, in attempting to solve
the problem of finding stationary self-similar shapes we may search for shapes which have a simple
analytic description, so long as such a description retained within (extraction) Laplacian growth. The
advantage of using such a restricted class of analytically well-behaved shapes, is that a probability
density may be more easily defined on them then the complete set of all interfaces. The drawback of
the treating the problem of stationary self-similarity, is that eventually one must show how a particular
stationary self-similar shape is selected by the injection problem.

The problem of finding stationary self similar shapes naturally leads one to consider multi-connected
droplets. Indeed, assume as before that we have a well-developed fractal shape obtained in experi-
ment, assume also that wait some time and allow surface tension to change the shape, before extracting
low viscosity fluid. This has the effect of coarsening the shape on the lowest scales as well as allow-
ing for the possibility for the droplet to become multi-connected. Then some low viscosity fluid is
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quickly extracted. We may still expect that the stationarity is preserved. It thus seems then that the
single-connectedness of the droplet should not be imposed as a strict condition. As a consequence we
are led consider ensembles which may contain multi-connected droplets.

We may formulate the problem of finding the ensemble of stationary self-similar shapes, as the
problem of finding a probability density function of finding a particular shape of the interface within
the stationary ensemble. Let us assume Myatlescribes a probability function of interface of large
linear size of the order of a large scale cutdi, The area enclosed within the interfaces is then
roughly all equal taR”. Let us define, generally(C) as the area inside the interfaéeand LetC*?
be the the interfac€ evolved a timeAt. Namely, ifC has ared, thenC2! has area + At. We
may define fromP, a probability densityP, for interfaces of any area, by assigning uniformly the a
probability to the interfaces obtained by extracting fluid from the droplet:

P(C) = P, (cRD—“C)) (1.2)

We shall not specify how the measuf€, with respect to which the probability densify(C)
is defined, but shall only demand that it is time translation invariédt= dC*!. Indeed, it is not
clear a-priori, how to rigorously define such a measure. As mentioned above, the formulation of the
problem as that of finding stationary scale-invariant measures, alleviates this problem somewhat, since
one may search for stationary distributions within a subclass of domains on which a measure may be
defined. In that respect, finding candidate measures by considering the connection to conformal field
theory may also suggest the space to define such a measure. Nevertheless, the question of the proper
definition of the measure is left here open, as the subject of possible future research.

Setting these caveats aside, the probability demitg time translation invariant. Indeed, from
(1.2) one may easily show

P(CAY) = P(0), (1.3)

if (C) + At < RP. The functionP possesses scale invariance, as well. Let us define, with some
abuse of notations?(R) as follows:

P(R) = / P(C)S(R — R(C))dC, (1.4)

whereR(C) is the linear size of the interface. For Laplacian growth we assume Eq. (1.1) holds which,
we shall presently see, leads to:

P(R)dR = dRP. (1.5)
Indeed,
P(R) = /P(C)5 (R - tl/D(C)) dC = (1.6)
= DRP™! /P(C)5 (RP —t(C))dC = 1.7)
= DRP!, (1.8)

where the last equality follows from the fact that the measure is time translation invariant.

We note that the time translation invariance of the probability density means that the probability
measure can be thought as a probabilistic uniform superposition of the interface at different times.
That the probability density is also scale invariant is a demonstration of the fractal property of the
interface, namely Eqg. (1.1), such that the two properties together define the problem of finding the
probability density which encodes the fractal dimensions.

Copyright 2017 KEI Journals. All Rights Reserved Page | 5



Quarterly Physics Review, Vol. 3 Issue 2, July 2017
Classical and Quantum Integrability in Laplacian Growth

1.3 Preview of the Paper

The fact that the time translation invariance property of the probability distribution function, Eq. (1.3),
coexists with the scale invariance property, Eq. (1.5), is equivalent to the scaling1a@) = t(C).

We may formulate the problem of determinihy the fractal dimension, as finding the scaling law
(1.5) for a probability distribution function obeying the time translation invariance property, Eq. (1.3).
The current paper puts forward the proposition that candidates for the probability distribution function
may be found within the realm of quantum integrable systems and conformal field theory .

Let us briefly recount the connection between fractal structures and conformal field theory. The
context in which the two concepts may be most successfully linked is within the framework of equi-
librium two dimensional critical phenomena. There, scale invariance, which is a consequence of the
divergence of correlation lengths, leads to conformal invariance, and it is assumed that, at the critical
point, the statistical mechanics problem is described by conformal field theory. The vacuum is a Gibbs
state in which fractal objects, such as cluster boundaries, exist at all length scales. A fractal cluster
may then be pinned to a particular point by applying a scaling field at that point [5]. The dimension
of the scaling field is determined by the power-law dependence of the scaling field on the small scale
cut-off. Since this cut-off also determines the probability that the fractal can be found and pinned
to a small box of linear size given by the cut-off scale, and this in turn is related to the notion of
box-counting fractal dimension, there is a relation between the dimension of the scaling field and the
fractal dimension of the object being pinned by it.

Non-equilibrium problems, such as Laplacian growth, are unlikely to be linked in the same manner
to conformal field theory. Indeed, it does not seem a reasonable assumption that the Laplacian growth
interface may be pinned to a point by applying, to some vacuum containing already many fractal
structures on all scales, a scaling field of conformal field theory. Such a scenario would mean that
the fully developed large area interface can be picked at once from a Gibbs state without a need to
apply the nonlinear evolution from an initial interface. In other words, such a scenario would mean
that there is a representation of the interface as an equilibrium object.

Nevertheless, a connection to conformal field theory is an appealing prospect, due to the fact that
conformal field theory is inherently scale invariant, just as the fractal dimension of the interface is,
and due to the fact that such a connection would alow for tools to predict the fractal dimensions, since
conformal field theory naturally supplies a discrete spectrum of possible scaling dimensions, these in
turn possibly determining the fractal dimension.

Here we propose that instead of basing the connection to conformal field theory on the notion
of scale invariance being promoted to conformal invariance, a relation to conformal field theory may
be established making use of the fact that conformal field theory has a hidden integrable structure, a
structure which can be viewed as a quantization of the integrable structure hidden in Laplacian growth.
At present, we are only able to make this connection within some limit, where only a small part of
the interface, which happens to be long and narrow, is focused upon. Within this limit, the integrable
structure of Laplacian growth becomes that of the Korteweg-de Vries equation, the quantum analogue
of which is the integrable structure hidden within conformal field theory.

To flesh out this connection, we review first the integrable structure within Laplacian growth [6—9]
in section 2. This integrable structure turns out to be the dispersionless limit of a reduction of the two
dimensional Toda lattice. Since we are eventually interested in the quantum integrable system, we
must discuss how this dispersionless limit is obtained from a fully quantum system. To this end
section 3 and 4 describe how the dispersionless limit is removed to obtain the full but reduced and
classical two dimensional Toda lattice. The next logical step would be to pass to the quantum problem.
However, before discussing how to quantize the problem, we pass, on a classical level, from the two
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dimensional Toda lattice to the Korteweg-de Vries equation [10]. This is done in section 5, and
includes focusing on a long and narrow finger of the Laplacian growth. In section 6 we discuss the
gquantization of the problem [11-15], which leads us to the quantum Korteweg de-Vries equations.
This quantum problem lies at the heart of conformal field theory. This fact allows us, in section 7,
to show how a certain object, familiar within the framework of conformal and integrable field theory,
may describe the classical Laplacian growth problem, through the probability distribution function
P(C). Section 8 contains concluding remarks.

2 Classical Integrability in Laplacian Growth

Here we review some of the mathematical structures underlying the problem of Laplacian growth.
This includes the description through conformal maps and classical integrability [6, 7].

2.1 Description Through Conformal Maps

Let us consider the Hele-Shaw setup, which was already described in the introduction. The ambient,
high viscosity fluid is described by a velocity field This velocity is the average velocity across the

gap between the two glass plates. Due to the high viscosity of the fluid, one must balance the internal
viscous friction force experienced by the fluid, with the force supplied by the pressure, neglecting
inertia, which is small because of the small separation of the plates, and neglecting surface tension.
As the force of friction scale with the average velocity across theigawith the magnitude of the
viscosity, 1, and inversely with the size of the gap squaréd)ne obtain Darcy’s law:

12 -

The factor12 may be obtained by a more detailed, but basic calculation, which takes into account the
no-slip conditions at the interface between the fluid and the glass plates, which results in a parabolic
velocity profile.

The dynamics are dictated by the following conditions. The motion of the interface between the
inviscid and viscous fluid are determined by the normal velocity at the interface, which is proportional
to the normal derivative of the pressure at the interface:

b2

IncompressibilityV - = 0, requires, that there exists a real stream function,

7= 20, (2.3)
2
wherez is the out-of-plane unit vector ar@ is the volume flux, namely the volume of fluid injected
into the cell in unit time, inserted here for convenience, as to rﬁai{mengionless.

Defining the complex functiom by v = v, + w,, and takingd, ando to be a derivative with
respect taz andz, respectively § = 81‘2189, o = Bzzzay), we may write the relations between the
pressure, the stream function and the velocity as:

b2 Q

v 6n 772

00 (2.4)
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We may define a complex analytic potentigl (where iny; the index denotes explicitly the time
dependence):

b2
P. 25
0n (2.5)

Indeed, relation (2.4) suggests that z) is analyticdp; = 0, Taking the complex conjugate of (2.4)
also leads, after simple algebra, to:

or(z) =0 —1

v = —@3(,0,5. (2.6)
2w

The pressure is constant inside the droplets of lower viscosity, since the fluid there has neither
inertia (due to the narrowness of the gap) nor viscosity (by assumption). We may assume this pressure
to be zero. This means that we assume a type of dynamics in which, even after the low viscosity
droplet breaks up into several droplets, the same pressure is maintained across the different droplets.
This scenario cannot be attained in a Hele-Shaw cell, since only one of the droplets will be connected
to the source of low viscosity fluid through the hole. One may imagine that instead of using a glass
plate one may use a plate made of a material permeable to the low viscosity fluid but impregnable to
the high viscosity fluid. The low viscosity fluid may then be supplied through the entire plate, and
the different droplets will maintain the same pressure, which without loss of generality may be set to
zero, since only gradients of the pressure play any role in the dynamics.

We now consider the analytic propertiesgf First note that we assume that the fluid is syphoned
off in a radially symmetric fashion around infinity, which suggesis) ~ % asr — oo. This leads
to the following asymptotic behavior of; :

or(z) ~ —1log(z), asz— oo, (2.7)

which leads to the fact that the imaginary partgf namely the stream functiodl, winds by2z as

one encircles infinity. In facp; is only well-defined if a branch cuts are introduced in the complex
plane, such that from each droplet a branch cut extends to infinity. Indeed, consider the integral over
the velocity around the droplet. From simple hydrodynamical kinematics, this integral is equal to
volume flux of fluid entering the cell, on the one hand, and from the definition of the stream function,
Eqg. (2.6), itis equal to the integral over the gradienppfiround the droplets:

Q:%ﬁxd?:gyﬁ@%-dﬁ (2.8)
27
leading to the conclusion that the winding@fround the droplets &r:

356% = or. (2.9)

The the variablep, can thus be used as a coordinate along the droplets, whose rafdgeris
A central role will be given to the inverse function«f;, which we shall denote by;:

filwpi(2)) = 2 (2.10)

ft(2p) is defined such that fap € [0, 27], the functionf;(:p) gives the complex coordinate of a point
on the interface of the droplets, with givérand at time.. The functionf; is defined with period2x:

fi(wp + 2m) = fi(wp), (2.11)
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For complexp, the functionf;(.p) is defined by analytic continuation. As a result of the periodicity,
the functionf; is defined on a cylinde§, where points displaced & are identifiedS = C/2mZ.
The functionf;(2¢) has the following expansion &t () — —oo :

fi(wp) = agl)e“p + a(()l) + a(_ll)e_w + .= Z a(f}e_lw, (2.12)
j=—1

which results from (2.7).

Since the interface is described by the mfapy) : [0,27] — z and sincef; is periodic in27s,
there is an arbitrariness in choosifig:) given the shape of the interface. Indeed the functip(i®)
andf;(«(¢ + ¢)) describe the same interface, the only difference being that the reference point on the
interface where the angteis considered a8 is moved fromf;(0) to f;(«c). Thus, when describing
the dynamics of the interface as the dynamicg;obne has to bear in mind that the dynamicsfof
which are equivalent to shifting the reference pointadre meaningless and arbitrary. It is common
in the literature to remove this arbitrariness by requimﬁa to be real. We shall not follow that
convention, and rather leave this arbitrariness in place.

An useful mathematical object to study interfaces in two dimensions is the Schwarz function,
S(z), the analytic continuation of a function givirgon the boundary. Namely for € C, we have
S(z) = z, with S(z) being analytic in a neighborhood 6f One may easily ascertain that the Schwarz
function can be written as

S(z) = fi(—pi(2)), (2.13)

where, as usual, for any functiagriz), the functiong(z) is defined agj(z). To see that (2.13) in-
deed gives the Schwarz function, consider that:fen the boundaryy,(z) , is purely real and so,
fi(—1pi(2)) = fi(wpi(2)) = 2. The Schwarz functionS(z), obeys the ‘unitarity’ condition:

S(S(z)) = 2. (2.14)
This relation is proven by first showing its validity on the interface, where it follows from the fact that
thereS(z) = z, and then applying the trivial analytic continuation of (2.14) away from the interface.
2.2 Richardson Moments

As was found by Richardson [9], during the course of the evolution an infinite set of parameters,
namely the Richardson moments remain constant.kTtheRichardson moment is defined as:

dz Ndz
tr = —_— 2.15
k /D+ 2mikzk’ (2.15)

whereD_. denotes the domain which is exterior to the droplet. To see that these are conserved consider
t'k-:

, dr x v
th=2-Q ——. 2.16
k=2 }é 2mak 2k (2.16)

We may writez - di’ x ' = 5(dzv — dzv). We may re-write the right hand side of this equation using
(2.6) s (dz0yp + dzdy) = Ldyp,, one obtains:

. Q yg dpy
— Tt 2.17
b Sur2k zk ( )
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As the integrand is analytic i, the contour of integration may be deformed to a large contour
surrounding infinity in the:-plane, where the asymptotic relatipn ~ —2 log z holds. This yields:

Q dz

Note also that the Schwarz function encodes the harmonic moments. Indeed, Stokes theorem
states that (2.15) can be written as a contour integral over the boundary of the dfrlo:plgﬁ‘CSZz*l %
and since one the contofz) = z, this can be written as:

t = ¢S(z)z—lﬁ t = %5(2)2 (2.19)

2mal’ o2m

One may construct from knowledge of the Richardson momeptand the area of the droplets,
t, its shape, given some additional data, such as the number of connected components. The Richard-
son moments are thus reminiscent of the conserved quantities of completely integrable systems, since
the knowledge of which is enough to determine completely the dynamics. The results of Refrs. [6—8]
show, however, that the actual integrable structure behind the zero surface-tension Hele-Shaw problem
treats the Richardson moments rather as the ‘times’ conjugate to the conserved quantities, or ‘Hamil-
tonians’, which may be denoted l#y,. In addition it is appropriate to treat the complex conjugate
of the Richardson moments (which are themselves complex quantities), namely the quigntittes
additional independent times, with which one associated a set of Hamiltoiians,

To be able to define the Hamiltonian&,,, H;, we must first define a Poisson bracket. This is
given by:

(1,1} = 1. (2.20)
With this definition of the Poisson bracket, the evolutiorypis encoded in the following relations:
{fe(10), fi(—10)} =1, (2.21)
which, due tof; (—up) = S(f:(2¢)), can also be written as:
{fe(wp), S(fe(rp))} = 1. (2.22)

That the evolution off; is determined by (2.21) can be shown as follows. First note that (2.21)
can be written as:

Sinced; f; is the velocity of a point on the interface with given we may write it in usual vector
notation as, the tilde denoting that it may not be equal to the velocity of the fluid. Nevertheless, its
normal component must be equal to the velocity of the fluid so we have v,,. Furthermoreg,, f;

may be written in vector notations %g. Taking into account that i = a, + a, andb = b, + b,

are the complex notations farandb, then the vector product is given layx b= 2Im(ab), we may
rewrite (2.23) as:

X dar =1. (2.24)
de

Ry
=

Copyright 2017 KEI Journals. All Rights Reserved Page | 10



Quarterly Physics Review, Vol. 3 Issue 2, July 2017
Classical and Quantum Integrability in Laplacian Growth

This relation impliesy,, 7> dl =1, orv, = 4. Now, sinced and P are conjugate harmonic func-

tions (Eq. (2.5)), one may use the Cauchy Riemann relatlons to o%am 65# o yielding the

equation governing the evolution of the droplet, Eq. (2.2).
The evolution with respect to the physical time, is given by relation (2.21). Alternatively, we can
write:

Ohf ={wp, f}, (2.25)

showing that the designation of the Hamiltonian that generate the time translatigris appropriate.
We may thus writeH = 1. Note however, that Eq. (2.25) is almost an empty statement, in the sense
that the evolution off cannot be extracted from it, as the right hand side is identically equal to the left
hand side irrespective of the time evolution of the droplet.

Another way to describe the evolution is through the Schwarz function. Writing the Poisson
bracket in (2.22) explicitly and dividing b {:j, one obtains:

OS(filwp)) 1 Afe(vp) 0S(fi(wp))
ot onwa) \" T o o ) (2.26)
Jp
Evaluating this equation at = ¢,(z) and making use of
—1
Ofi(vp)) _ <390t(2)> and 22(2) 01:0p) | 0filrg) —0. @27
00 lpmpiny  \ 0 o O¢ % o=t
yields:
Weu(z) _ 9pi(2) 9S(fi19)) | 9S(filrg)) (2.28)
32’ 3t 8@ at W:@t(z)
The right hand side can be identified Wﬁ%@ such that we have:
0S5(z)  10¢p4(2) (2.29)

o 0z
which constitutes a simple evolution equation for the Schwarz function.
Eq. (2.29) is useful to show that the dynamics prescribed by (2.21) is such that the pressure is
equal on all interfaces. This needs to be shown because above we have only assumed that the pressure
is constant on any connected component of the interface. Suppose then that pmidtsare on the

interface, perhaps on different connected components of which. Eq. (2.29) together with (2.5) allows
us to write:

P
(a)ﬂbQ = Re / S(z (2.30)
6Qu
On the other hand we have:
b S(b)
/ S(2)dz = — / S(y)dy + 2S() . (2.31)
a S(a)
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which is obtained by first changing the integration variable feotny = S(z), on the left hand side,
this change of variables being facilitated by using unitarity, Eq. (2.14), to obtain5(y), and then
integrating by parts the result. Taking the real part of Eq. (2.31) and a time derivative, one obtains:

9Re / ’ 8:5(z)dz = Re (z@tS(z) - zat%) =0, (2.32)

which when compared to (2.30) yields:
P(a) = P(b), (2.33)

for any two pointsz, b on the interface, including points on different connected components.

It should be mentioned that the equal pressure condition has been shown here under the assump-
tion that a single Schwarz function can be analytically defined for all interfaces. This, in general, is
not the case. However, as will be apparent later, we shall concentrate on a class of interfaces, known
as algebraic curves, for which the Schwarz function can be analytically continued from one interface
to the other.

2.3 Integrability of Laplacian growth

Integrability of Laplacian growth is the statement that the evolution of the Hele-Shaw interface can
be described by a Hamiltonia®], which is in involution with an infinite set of other Hamiltonians
(conserved quantities)H;., with respect to some Poisson bracket. As usual, the other Hamiltonians,
in Laplacian growth can be used to generate flows with respect to new #jmesone to one corre-
spondence to the Hamiltoniang,. These Hamiltonians in Laplacian growth can be chosen such that
the times¢,, are the Richardson moments of the interface. Namely, the HamiltoniBngenerate
deformations of the interface corresponding to changing the Richardson motpergspectively.
Due to the fact that these moments are complex, the Hamiltonians are also complex andAi each
we may associate A}, which generates, formally, deformations which correspond to chartging
Of course one cannot changewithout changing;, yet, as usual, they may be treated as independent
variables, just a#f,, and H;, may be treated as independent conserved quantities or Hamiltonians.
The Hamiltonians read explicitly:

Hy(p,t) = (1£02)) _+®, (2:34)
+
wherec(¥) is a an arbitrary function of the times only, which (as shall be seen below) does not affect the

dynamics, while the index denotes taking the positive (polynomial) part of the Laurent expansion
around infinity in the variable*?, using the following convention. Due to Eqg. (2.12) we may expand

fF as
k .
= Z ag-k)e””. (2.35)
j=—00

The positive part of this series is defined as follows:

CHEU
(fhae)), ="+ Z () i (2.36)
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which is natural, except the zeroth order term, defined with a fagtfor later convenience.
The HamiltonianH,, is defined as follows:

Hilp,t) = B30 = (fi(-rp))  +2®. (2.37)

We now show that the evolution generated by the Hamiltonians,

D) — (), 1, 2.3
0109 _ 10, By, (2.39)
Oty

effect a deformation of the contour corresponding to changing the Richardson moments. Namely,
we show that if (2.15) holds at any moment in times, then it holds for all subsequent times, for the
evolution prescribed by (2.38), (2.39).

First note that the complex conjugate of Eq. (2.39) can be also cast as the evolution of the Schwarz
function. Indeed, the complex equation of that equation, has the following form:

O _ (i), Hi), (2.40)
k

which is the evolution of the Schwarz functiofi(z) = f;(—upi(2)), evaluated at = f;(¢). We
proceed by first showing:

0S(z) 0H, 0S(z) O,

oty 0z Ot 0z (2.41)
We do this by writing:
05(2) _ 0fi(—19) , Dpu(z) Ofi(—1p) 2
ot} ot oty, 0P | pmipi(2)
Using (2.38) and the first equation in (2.27) along with
Opu(z) _ _ fulup) (filip)\ ™
Oty Oty dp ’
=0pt(2)
one may re-write (2.42) as:
9S(z) _ OHg (0S(fi(wp)) | 0S(2) Ofi(wp) _ 05(z) 0Hy
= + = —"r — (2.43)
Ot dy ot 0z ot — ot Oy =i (2)

Making use now of (2.29) , the first equation in (2.41) follows. The second equation in (2.41) may be
derived by the analogous manipulations.
Given (2.41), and the definition df, we may write

95G) _ 10022, 258 a2, (2.44)
oty

Oty
Indeed, substituting into the first equation in (2.41) the explicit expressiol faand evaluating at
© = i(2), leads to the first equation. For the second equation notethabntains only negative
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powers ofe’?. These, in turn, when evaluated@at= ¢.(z) can be written as negative powers0f
due to (2.12), leading to the second equation in (2.44). Equation (2.44) immediately implies:

{ _,08(2) dz ( ,08(2) dz
l l
=0 = =0. 2.45
C : oty 2mik Mo CZ oty 2mik 0 ( )

Taking a derivative with respect tq andt, of Eq. (2.19), one realizes that Eq. (2.45) is just the
differential form of these equations. Thus we have proven the required statement.

Note thatc(*) in (2.34) are indeed arbitrary, in the sense that we did not need to assume anything
about them to prove that (2.19) follow from (2.38), (2.39). In fa¢k) just generates transforma-
tions that shift the reference point for the angle To see this consider that one always applies the
Hamiltonians in a real combination. Namely any deformation of the droplet is effected by:

0fr =Y {fr. 0ty Hy — tpHy}. (2.46)
k

The free (-independent) term idt, H;, — 0t;, Hj, reads2:Im(5t,c*)), while the latter generates the
following deformation off;:

) Of

{fe, 20m (8t} = 2Im(0ty,c*)) =2 5
¥

(2.47)
where the dot signifies aderivative. Thus2:Im(5t,c*)) indeed is the generator of real, times-
dependenty translations, and thus do not deform the interface. As a result, we may chddse
freely.

We make the choice of®) such that it is consistent with the involution of the Hamiltonians.
Consider first the indefinite integrdl S(2)dz = Y, tx2* + tlog(z) + ¢ + O(1/2), wherec is an
arbitrary function of the times, the arbitrariness:difeing due to the indefiniteness of the integral. We
may choose: such thatd,c = — log(aél)), and define the result, which is now definite up to a time
andz independent additive factor as the integral¢t) :

/S(z)dz = Ztkzk + tlog(z) — /Ot log(a(()l)) +0(1/z2). (2.48)
k

The integral ovelS is a generating function for the Hamiltonians. Indeed due to (2.41), we have:

%/S(z)dz

for somez-independent constant(*). We may choose(*) such that this constant is zero, and write:

0 3}
%/S(z)dzz = Hy, E/S(z)dz

This last equation (which is derived from the choicecd?) states that/ S(z)dz is a generat-

ing function for the Hamiltonians and as shall be seen below insures that the Hamiltonians are in

2
involution. Indeed, The |dent|t|e§m 8t188tk 8tz6tl 8t at , leads to:

= o + Hy, (2.49)

z

— . (2.50)

OHy|
ot |,

OH,
Oty

OHy|
Lot |,

OH,
oty |.

(2.51)
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and this yields the involution of the Hamiltonians, when written in terms of derivatives at fixed
rather than at fixed; We first write:

OHy| _ OHy  Opi(2) OHx . (2.52)
-1
_ OHy, _ 0fi(wp) (0fi(wp) \ ™ OH, , (2.53)
o o O I
p=rpt(2)
then subtract the equation withand! interchanged and use (2.38) to obtain:
8Hk aHl _
o~ an, ~ Uk H} =0, (2.54)

The latter being the required statement of the Hamiltonians being in involution. Of course one may
easily obtain the following as well:
0H, 0H,

" an {Hy, H} =0. (2.55)

3 Algebraic Solutions to Laplacian Growth

The interface may be described as a curve, namely as a relation betwassthy, the Cartesian
coordinates on the interface. This may be done by finding some fungtiony) such thatF(z, y) =

0 gives the interface. The ellipse is the simplest, complicated only as compared to the circle. For the
ellipse we haveﬁ(x,y) = % + % — 1. Using complex coordinates one may alternatively describe

the curve by a relation betweenand z, for example, the ellipse may be described Biz, z) =

F (%2, 52) = 0, whereF(z,2) = 4 (% + %) 22+ 35 (% — %) (22 + 2%). One may solve this
7"1 7‘2 T T.

equation forz. This gives the Schwarz functiol§,(z), which satisfied’(z, S(z)) = 0. If, as is true

for the ellipse, the functiod’'(z, z) is a polynomial in both arguments, théifz), as a function ot

is an algebraic function. As an example, for the ellipse we obtain:

S(2) = (12 +713)2 + 2r1ra/22 + 15 — 1} (3.)

2 2 :
T{ —Tj

Namely S(z) contains roots and polynomials. As an algebraic functi®fz) may be defined on a
algebraic Riemann surface.

Defining the Schwarz function on the Riemann surface arises due to the fast(thas generi-
cally a multi-valued function, such as the function in (3.1), where the square roots Sigkasulti-
valued. One is lead to resolve this multi-valuedness, by consideringpies of the complex plane,
one copy for each possible value$fz) for givenz. These copies of the complex planes are referred
to as ‘sheets’. Let us denote thepossible values af (z) by S®(z), withi = 1,...,m. Each copy
of the complex plane must also be provided with branch cuts, in order to fully resolve the ambiguity.
One should imagine cutting the sheets along the branch cuts. After cutting the sheet, each branch cut
has the topology of a closed curve. On shie¢he Schwarz function is designated the vafiié (z)
for givenz. Then the different copies of the complex plane are glued together along the branch cuts,
corresponding to the fact that agrosses the branch cut on shegie functionS® (z) will coincide
smoothly with the value of functiof(z) on some other sheet,

Copyright 2017 KEI Journals. All Rights Reserved Page | 15



Quarterly Physics Review, Vol. 3 Issue 2, July 2017
Classical and Quantum Integrability in Laplacian Growth

For the example of the ellipse there are two sheets and

2 2 5 5
sy = (i rd)zE2nry/22 4 i —rf (3.2)

2 2 .
L

The square root is taken in a way dictated by convention? = Jre?? for —m < 6 < 7w A
branch cuts are drawn on both sheets betwge# — r3 (assuming > r2). And the two sheets are
glued along the branch cut, the upper bank of the branch cut on first sheet to the lower bank of the
branch cut on the lower sheet.

The algebraic Riemann surfac4, that is produced by considering the complex cuffe, S(z)) =
0, is also called an algebraic curve [16] . It is composethafopies of the complex plar@(® called
sheets equipped with branch cuts. On each sheet, away from the branch cuts, one defines a holo-
morphic local parameter given by On the branch cuts, but away from the branch points, the local
parameter spans more than one sheey, i a simple branch point on sheethen the local parameter
around the point is/z — 2g, spanning the two sheets that are connected at the branch point.

We may define a function on the algebraic cud/by specifying its values for anyand any sheet
i. Itis thus convenient to introduce the notatiefior a point on the4, wherez = {z, ¢}, specifying
the complex coordinate, of the point, and the sheét,For exampleS(z) is naturally defined as:

S(z) = S({z,i}) = S (). (3.3)

Finally, note that we shall called first shegt: 1, also the 'upper sheet’, and all other sheets, collec-
tively as 'lower sheets’.
The anti-analytic function(z), defined as:

7(2) = 5(2), (3.4)

is, in fact, a one-to-one and onto map from the Riemann surface to itself. This is due to the fact that
it is its own inverser(7(z)) = z, which is a consequence of unitarity (Eqg. (2.14)). The set of points
invariant with respect te is the interface of the droplet(z) = z < S(z) = z. The anti-holomorphic
involution, 7, allows us to equivalently describe the Riemann surface as a Schottky double [17].

To describe the Schottky double, consider two copies of that part of the complex plane that lies
outside the droplet. Let us denote these two copieDby and D(Y), respectively. The Schottky
double,D is defined to consist of the two copies of the exterior of the drop¥#, with local holo-
morphic coordinates inherited from the algebraic cudvghrough a one to one mapping defined
below, from the algebraic curvd to the Schottky doubl®. The mapping is defined as follows:

w _ | {= 1} i = 1 andz outsideC
v({z ) = { {7(2),1} otherwise (3.5)

The upper sheet of the Schottky douhl2(!) is usually called ‘the front side’, while the lower
sheet,D() is commonly known, apparently, as ‘the back side’.

Note that since-(z) is anti-holomorphic, the holomorphic coordinate BA") is z, rather thare.
Thus, by definition, an analytic on the Schottky double, is an analytic function of the variaie
D) and an analytic function of the variabieon DV). The function must also be analytic across the
interface. Another way to describe an analytic functipnon the Schottky doubleis to say thais
analytic on the Schottky doubl®, if ¢ = f o v is analytic on the algebraic curvd,

As examples of analytic functions on the Schottky double, consider the fundiiei defined as
id({z,1}) = z,1d({z,1}) = z . Another example (with some abuse of notations) is the function
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Figure 2: The construction of the Riemann surface as an algebraic clirisedrawn on the left. The

surface is three sheeted. The two banks of each of the branch cuts are numbered, such that banks that
are glued together on different sheets are given the same number. A meandering closed path, through
the Riemann surface is also drawn. The dotted line is the interface. The algebraiciasrasapped

onto the Schottky doubl®, in the middle drawing. The map of the meandering line is also drawn.

The two connected components of the interface are now labdlladd B. On the right is a torus of

genusl drawn as a doughnut. The interface with its two connected compontats] B, are drawn

there, along with the meandering path. The torus is topologically equivalent both to the algebraic
Riemann surfaced and the Schottky doublP.

S(z), defined asS({z,1}) = S(z) andS({z,]}) = z, with apologies for using the same symbol

S, for the Schottky double function, just defined, and the Schwarz function. The two functions are
distinguished by the the fact that the former takes the combined notatioh as an argument while

the latter takes a complex number as the argument. In that respect, we shall often use what we shall
term as ‘front-side notations’. Namely, we shall denote a function on the Schottky double by the
same notation defined on the algebraic curve, if both functions agrel‘e(Tdn Thus, for example,

the functionid above, would also be denoted by If the function is analytic, there is no ambiguity
introduced in these notations, since there is a unique continuation of the functiorDfforto D)

on the Schottky double just as there is a unique analytic continuation from the upper sheet of the
algebraic curve to all lower sheets.

Let us make note of the non-trivial cycles on the different models of Riemann surfaces we have
defined. If the the interface has more than one connected component, the topology of the Riemann
surface becomes non-trivial, in that there are cycles which cannot smoothly be contracted to a point.
Two cycles are inequivalent if they cannot be deformed one onto the other smoothly. If the interface
hasg + 1 connected components, then we may defirseich non-trivial inequivalent cycles gsof
the g + 1 connected components. The last connected component is actually equivalent to the union
of the firstg, and thus may not be considered independent. Theseles are denoted hy;, with
Jj = 1,...,9. In addition,g independent cycle$,, may be defined, which intersect the cycigs
respectively, with intersection number This fact is written formally as:

a; - bj == 51'7]'. (36)

On the Schottky double, the path of the cyajemay be considered to start on the front side on the
g + 1 connected component of the interface, then continues to the back side intersecting;cycle
finally connecting to the starting point through the back side. The situation is shown in Fig. 3.
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b1
)/ Eb7;

ai T

Figure 3: The choice of cycles for a genufiemann surface. Thecycles draw a path, one part
of which is on the front side and the other on the back side. arbgcles are drawn exactly on the
contours connecting the front and back sides.

Finally let use describe how the Hamiltoniai,, /., are determined by the Riemann surfdze
(or equivalently4). The HamiltoniansH},, are multi-valued functions on the Riemann surface. Their
derivatives with respect to, are single-valued, due to Egs. (2.41), (2.29) and the single-valuedness
of the Schwarz function. Let us define

Hy, + Hjy, (y _ Hy — Hy

gt = 2k Tk gD Tk Tk 3.7

k 2 9 k 2Z ) ( )
which are the Hamiltonians conjugate to the real and imaginary pattg, eéspectively. Denote

the real and imaginary parts of by t,iR) and t,(f), respectively. We shall use the convention that

Hy = H/2, where byHéR) =0, Hél) =H/2.
The following are well-defined (single-valued) meromorphic differentials on the Riemann surface:
oH /) a8

(R/T) _ — —
dH, =5 dz = at,gR/I) dz. (3.8)

Due to (2.44) and (2.41), the differnet'mH,gR/I) has a pole of ordet + 1 at infinity. Indeed:

(k—1) ds
2 gk+1

(k—1) ds

+O(1/sds),  dH = =5

dH" = — +0(1/s%ds) (3.9)

wheres = z~! is the local parameter around infinity and thesign in the expansion oiH,EI) is
to be taken respectively with whether the expansion is arawndor oo;. The differential of the
Hamiltonians have no further singularities. This last fact can be surmised from (3.8) and (2.19).

A meromorphic differential with specified singularities, such as prescribed by Eqg. (3.9), is unique
up to an addition of a holomorphic differential, of which there aren a genug Riemann surface.
Since we can add @H,ER/I) any linear combination of them with complex coefficients, the space of

differentials obeying (3.9) i8¢ dimensional oveR. To fix dHIgR/I) completely, one may explore the
integral over any cycle of such a differential. We first note that Eq. (2.31) impliespthét)dz over
any cycle is purely imaginary (set= b in that equation). This fact, when combined with (3.8) gives:

Re§£ dHD = Regg dHD = 0, (3.10)

J bJ
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This constituteg real constraints odH,gR/I), which completely fix the ambiguity in determining
them for anyk. This means thadH;, can also be fixed uniquely giveR or equivalently, 4. As a
consequence we shall write in the followitif,(.A) in occasions where we shall want to stress that
the Hamiltonians are determined from the Riemann surface.

4 Dispersive Quantization and the two dimensional Toda lattice

We shall now want to proceed and quantize the Laplacian growth dynamics, eventually obtaining
guantum field theory, with the aim of using methods of integrable and conformal field theory to gain
better understanding of the fractal patterns in Laplacian growth. The program of quantization requires
in this case two steps. The first step is removing the dispersionless limit from the two dimensional re-
duced dispersionless Toda hierarchy that was presented above as the hierarchy determining Laplacian
growth. This gives a classical nonlinear integrable system, the (dispersionful) two dimensional Toda
lattice. Formally, the procedure is very similar to quantization, thus it is dubbed here as ‘dispersive
gquantization’, although it connects two classical problems. Itis only then that we can apply the second
step, that of physical quantization, to obtain a quantum field theory.

4.1 The two dimesional Toda Hierarchy

The (dispersionful}two dimensional Toda hierarchy [18], is an integrable system of nonlinear equa-
tions generalizing the more familiar Toda lattice. The latter being a one dimensional system of springs,
having exponential force laW = Fj - (e~2%/?0 — 1), whereF is the force that the string exerts when

it is extended a distanc&x. The nonlinear equation is the Newton equation for the springs:

d2 Tp_1—Tn In—Tp41
m%sz(@ o —e %0 ) (4.2)

The two dimensional Toda lattice, despite the name, does not generalize the problem of exponential
springs to two dimensions, but is rather a formal generalization, in which time itself is treated as a
complex variable:

Oxy,

i ewnflfxn _ efn*xn+1' 42
Ot10ty (4.2)

Here we have setn, Fjy andzg to unity, as the physical interpretation in terms of springs was already
lost when we complexified time, and so there is no real use of keeping track of physical units.

The equation of motion for Laplacian growth, when treated as equations determining the evolution
of a algebraic Riemann surface, are identical to the equations that are obtained by considering the slow
time modulation of the two dimensional Toda lattice hierarchy. Here one assumes that a solution to
the two dimensional Toda lattice has the property that it is rapidly oscillating in time (which itself a
complex parameter, denoted heretby in such a way that the envelope of the oscillations varies on a
much larger scale than the period of oscillations. If one parametrizes the envelope of oscillations using
the correct variables, the equations for these parameters acquire an elegant form, which resemble a
semiclassical limit of the full hierarchy. In the present case these semiclassical equations are Eqgs.
(2.54), defining the Laplacian growth evolution, while the equations for the two dimensional Toda
hierarchy are obtained by replacing the Hamiltoni&fisby differential operators and the Poisson
brackets by commutators. This section, together with appendices A,B, C, is devoted to showing how
this connection, described above in heuristic terms, may be derived rigorously.
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We must first define the whole two dimensional Toda lattice hierarchy, with its infinite number of
complex times, and the respective Hamiltonians. The hierarchy may be defined [18] making use of a
Lax operator matrix/.. For the two dimensional Toda lattick,is an infinite matrix depending on the
times, having the property:

Ly, =0 for m>n+1. (4.3)

Each timet; has associated with it a Hamiltonidt") with matrix elements:

here, e.9.(L"),.,, is themn element of the matriX. raised to the powelr The timet;, has the- LT
as the associated Hamiltonian. Note the similarity of (4.4) with (2.34), (2.36).
The nonlinear equations of the hierarchy may be obtained by demanding:

g—i = [, %], g_i = — £, L%1]. (4.5)

Ny m>n
(Ll)mn m=n , (4.4)
m<n

—~

O ol

As a consequence [19] of (4.5) and the definitio 8!, the zero-curvature conditions hold:

oL oLk

3 i [L®, L®] =0 (4.6)
oLWT gLk
a0t e [LOf, L®) = 0. (4.7)

We shall be interested in a special reduction of the two dimensional Toda hierarchy. Namely, we shall
assume the the Lax operator obeys the following condition:

[L,LT] = 1. (4.8)

In the dispersionless limit this equation becomes (2.21).

To demonstrate how (4.6), (4.7), give rise to a whole hierarchy of nonlinear integrable partial
differential equations, let us derive the first member of the hierarchy, Eq. (4.2), from them. First note
that any matrix satisfying (4.3) may be written as:

L= Z a%)(f)emﬁ, (4.9)

m=—0oQ

wheret acting on a vectoth, whose elements ang, gives a vector whose elements arg,,, while
the operatoe™? when acting on the same vector gives a vector whose elements afe

—,

(w)n = wna (ﬁ[;)n = n"/}m (emﬁqﬁ)n = wm-&-n- (4-10)

Note the similarity between Eq. (4.9) with (2.12). In fact the latter equation is the semiclassical
limit of the former if we assume that in the limit— 2. The similarity between the dispersionless
limit (the limit in which one describes the modulations of fast oscillating solutions) and a semiclassical
limit, will present itself repeatedly below. The rigorous basis for the similarity will be treated in the
next subsections, supplemented by the appendices.
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From Egs. (4.9), (4.4) one may obtain'), as follows:
(17
N 5 t
LD = oV @)l + %T() (4.11)
Settingk = [ = 1 in (4.7) one obtains the equation:

1 (00" 0a" @)\ | _;0aH) | 0dVB) 5 s 2 L@l
5( ot ot ©on T on e+_‘“1 (t_”‘ _’al (t)‘ + (4.12)

it D) —a"Dag (1) | oV Bay () o (Day (4 1)
2 2

For the operator on the left hand side to be equal to the operator on the right hand side, the free terms
(the terms in the brackets on the left hand side and the first two terms on the right hand side) on the
right and left hand sides must be equal, as well as the coefficieftarfide?, on both sides of the
equation, respectively.

To obtain (4.2), one writes:

Tpn—T
z@n n n+1

a;’(n)=¢€""e 2 . (4.13)

The the equation relating the coefficientefande—? on both sides of (4.12) lead to the same equa-
tion:

2 9

25+ (e = o) = o) () — o (n 4 1) (4.14)
oM (n)  oal) (n) - e

_ — oIn—1"%Tn _ ,Tn—Tn 4.15

ot ot ¢ c (4.15)

Adding thet; derivative of (4.14) to its complex conjugate, one obtains:

82

(= 1) = €7 I gt (4.16)
1d01

which is just what is obtained by subtracting Eq. (4.2) from the same equationmwiseshifted up
by 1, (that isn — n + 1). Namely, if we assume that, — 0 fast enough as — +o0, then Eq.
(4.16) is equivalent to (4.2), since in that case we can use 8.6=,> .o, Lm — Lm41-

4.2 Multi-Periodic Solutions

As mentioned above, the reduced dispersionless two dimensional Toda lattice hierarchy, which de-
termines the evolution Laplacian growth can be obtained by taking the dispersionful reduced two
dimensional Toda lattice hierarchy and considering slowly modulated waves. In order to be able to
discuss these modulated waves, we must introduce the unmodulated periodic solutions. In particular
we must discuss how these are constructed. To do this it is useful to make use of the Baker Akhiezer
function [20].

The Baker Akhiezer function, is an eigenfunction of the Lax operator, with complex eigenvalue

Ly = zi). (4.17)
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The time dependence gfis defined naturally using the Hamiltonians:

9 = LWy, a_f/}

— 1Oty 4.1
Oty Oty ¥ (4.18)

For eachz there may be several eigenfunctions/of Suppose that, generically, there amneof
these eigenfunctions for each We may taken copies of the complex plan® and assign to each
copy one of the eigenfunctions. It turns out that there is a large clag&auch that by drawing
branch cuts on the different sheets and gluing the sheets together along the branch cuts, the/function
becomes a smooth function afexcept at infinity, and at a set of discrete poles. In fact, Krichever [21]
has shown that an effective way to construct multi-periodic solutions is to start with an algebraic
Riemann surface, and define the Baker-Akhiezer function according to some analytic conditions (see
also Ref. [22] for an overview of this subject). The Lax matkixcan then be constructed from the
knowledge of the Baker-Akhiezer function. Since the elements of the mateke the nonlinear
fields of of the two dimensional Toda hierarchy, the lax matrix also encodes solutions to the nonlinear
integrable equation.

If the algebraic Riemann surface in section admits an anti-holomorphic involutjahgn the
Riemann surface can be given the structure of a Schottky double. Anticipating the connection to
the Riemann surfaces we encountered in Laplacian growth, we assume the existence of such a anti-
holomorphic involution and the problem of constructing multi-periodic solutions thus becomes the
problem of constructing Baker-Akhiezer functions on a given Schottky double.

The details of how to define a Baker-Akhiezer function from a set of analytic properties is given
in appendix A. The fact that such a function then solves (4.18) is then shown in appendix B. The
information pertinent to the sequel is that for each Schottky double a procedure yields a multi-periodic
solution of the form:

um(to) = fm (Z LWy + Ekék> , (4.19)

k=0

wherew;, areg dimensional complex vectors arfg, are functions fromC? to C, which are periodic
with periodsé; and Bé;:

Jm(T+6) = fm(0),  fm(T+ Bé;) = fm(0). (4.20)

Hereé; is the unit vector in the-th direction,(é;); = d;;, andB is ag by g matrix. Many more details

are given in appendices A and B. However, the main message of Eq.(4.19) is that a complicated multi-
periodic solution of this form may be obtained from a given Schottky double. In facis given as

a combination of Riemann theta functions associated with the Riemann surface.

4.3 Modulations Equations

Given a multi-periodic solution, corresponding to some Schottky double, or equivalently, to a al-
gebraic Riemann surface, one may consider the effect of applying any perturbation to the nonlinear
equations. The effect of such a perturbation would be to slowly change the nature of the multi-periodic
solution. Namely, the amplitude, phase, average value and frequency would change. After a while,
the solution would be described by a different Schottky double, than the one describing the solution at
initial times. We may describe the modulation of the multi-periodic wave as dynamics of the Schottky
double or the algebraic curve.
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The form of the dynamics of the Schottky double naturally depends on the perturbation applied.
It turns out, however, that if the strength of the perturbation is sent to zero, the original, unperturbed,
solution isnotrecovered. In other words, the limit of vanishing perturbation is singular. Nevertheless,
the limit of zero perturbation is universal, in that for sufficiently well behaved perturbations, taking
the amplitude of the perturbation to zero yields the same universal Whitham dynamics on Schottky
doubles. This leads to the interesting situation in which there is a natural dynamics defined on Schot-
tky doubles or, equivalently, algebraic curves. For the case of the reduced two dimensional Toda
lattice, the universal dynamics obtained is that of Laplacian growth, which was already described as
the dynamics of the algebraic Riemann surfake

Whitham [23-27] developed some of the first tools to describe such universal modulated dynam-
ics for nonlinear wave. Flaschka, Forest and McLaughlin connected this evolution to concepts in
algebraic geometry, while Krichever [28] was able to derive the dynamics rigorously making use of
an averaging method that he had devised. The resulting dynamics has an integrable structure (as we
have seen in Laplacian growth above). Such dynamics are sometimes called dispersionless hierarchies
or Whitham hierarchies. Appendix C is devoted to a review of Krichever's work [28], following the
more accessible presentation of Ref. [23, 27].

The modulation equations obtained by this procedure are Egs. (2.51). They are obtained by es-
sentially averaging the zero curvature conditions, Egs. (4.6), (4.7), with the Baker-Akhiezer function,
and its adjoint over many periods of the multi-periodic solution, but on a scale much smaller than the
typical scale of modulation. The details are given in appendix C.

Let us note that Egs. (2.51) can be solved by taking a Riemann surface which is times independent.
Indeed, as was describe in section 3, the Hamiltonfdpsan be found by considering thaéti;, is
a unique differential on the Riemann surface, such that if the Riemann surface does not change then
both left and right hand side of (2.51) are zero. Nevertheless, such a solution is obviously not a
solution of the Laplacian growth problem. Mathematically, we see this by noting that we are seeking
solutions in which there is a Schwarz function that generates this Hamiltonian (Eq. (2.41)) and obeys
the unitarity condition (Eg. (2.14)). The fact that given initial conditions two solutions exist, is related
to the fact that the Whitham equations are a singular limit obtained by adding a perturbation to the
equations and sending this perturbation to zero. The solution which corresponds to Laplacian growth
is the non-trivial solution in which the Riemann surface is time dependent and in which the unitarity
condition is preserved by the evolution.

5 The Classical Korteweg-de Vries Limit

After discussing how to remove the dispersionless limit from the integrable structure of Laplacian
growth to obtain the (dispersionful) reduced two dimensional Toda lattice hierarchy, we would like to
guantize the latter. A lot more is known, though, on the quantization of Korteweg-de Vries equation
than the quantization of the two dimensional Toda lattice. In fact, quantum Korteweg-de Vries is the
integrable structure underlying conformal field theory, which makes this quantum integrable system
very appealing, due to the rich structure and the applicability of results of the representation theory of
the Virasoro algebra.

Due to these consideration, we opt to first treat a limit of Laplacian growth, which has the inte-
grable structure of Korteweg-de Vries associated with it [10]. Only then will we consider quantization.
The advantage of this approach is that we will be able to use results from conformal field theory after
guantization, the drawback is that it is not clear to what extent the fractal nature of the growth extends
to the Korteweg-de Vries limit.
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5.1 Narrow Finger Limit of Hele-Shaw Flows

If one focuses on a region around a Hele-Shaw finger, the integrable structure of the two dimensional
Toda lattice simplifies in the limit of a very thin and long finger. Let us orientitlaxis to point in

the long direction of the finger (see Fig. 4). The Korteweg-de Vries limit occurs when the finger is
symmetric to reflection across theaxis and when the curve is described at intermediately large and

negativer as
J—3/2
T
Y=o <—> + ..., (5.1
xo

wherexy > o, So that the finger is long and narrow. Eq. (5.1) describes the shape of the finger
atx ~ xp, and may have more complicated features ak xy. Nevertheless, it is assumed that
throughout the region, for all points on the interfageg . Due to thisf; (1) is approximately real

in the entire region.

Figure 4: A small part of the droplet is magnified, to reveal a long and narrow, possibly multi-
connected, finger, symmetric with respect to reflections about the real axis.

The Korteweg-de Vries description of the finger holds for any rapid evolution of the interface at
|x| < xo, while the asymptotic behavior at ~ z(, Eq. (5.1), does not change. Namely, in Eq.
(5.1), we may assume thag andy, are time independent. Furthermore, since the Korteweg-de Vries
description only holds for the confined region« xo, we may assume that Eq. (5.1) describes the
asymptotic behavior of the not only at~ x but all the way tar — —oo.

To describe such a finger, we first define a re-scaled and shifeadit given by and¢, respec-
tively. Namely, we define>(¢) = ap + b, t = at + 3, where the way:, b, a, 3 are chosen will be
described below. Let:

(@) = ft(t)(“P(‘P)) +2ft(t)( Z‘P(‘P))7 hi(@) = ft(t)(“P(SO)) 2th(t)( Z‘P(SO))' (5.2)
We may now expanf}, h; as a Laurent series iparound infinity, such that the asymptotics described
in Eqg. (5.1) is recovered.The simplest choice is to take:

0
=3+ Y @, (5.3)
j=—00
and
hf _ ngiOS/Q ¢2J73 + O (@2]71) ) (54)
0
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The choice ofz andb in () = ap + b, is made such that the free term in (5.3) is missing and the
highest order term has unit pre-factor. The fact thaas only even powers in an expansiopiandh;
only odd powers, corresponds to the symmetry of the finger with respect to reflections across the real
axis. Indeed, together with (5.4), the reflection symmetry is effected by —¢, wherebyl; — I,
while h; — —h;. The fact that this way to respect the reflection symmetry is actually implemented by
the conformal maygy; in the asymptotic region, is not guaranteed. Nevertheless, it may be expected to
hold fairly generally, when the shape of the interface away from the finger does not induce a strongly
asymmetric pressure field on the finger. We shall not dwell on this point, as we are mainly interested
in the existence of the Korteweg-de Vries limit under some conditions, rather than demanding that it
hold under generic conditions.

Instead of the Schwarz function it is more appropriate to define the following combination:

y(x) = hi(@(x)), (5.5)

wherep;(z) is the inverse function af:

li(pi(x)) = . (5.6)

The functiony(x) is the analytic continuation im—plane of a function which gives thgcoor-
dinate of the finger as a function of thecoordinate, forr that belongs to the droplet. Suefs that
below to the finger form segments on the real axis. These segments are branch cuts for the function
y(z). If one approaches the branch cut from above or below one obtainsitte), respectively.
Namely asc approaches the real axis we haneg) = —y(x). Sincey is real we can take the complex
conjugate of the left hand side of this equation and obtain:

y(z) = —y(z). (5.7)

This equation holding for: approaching the real axis.

Around the contour we have ostensiblyz) = > an(vz — X;)". To obey (5.7) a2, have to
be purely imaginary, bug is real on the real axis and s9,, = 0. Thus,y(z) has only odd powers
of v/z — X\; which implies that/?(z) is regular, as a function af, everywhere in the complex plane.
Namely, it is an entire function. In additiop?(z) ~ x2/~3 asz — oo, which, together with the fact
that it is entire, suggests that it is a polynomial. Considering that the zeros of this polynomial are the
branch points, one obtains:

2g+1

yP(x) =[] (@ =), (5.8)
=1
This equation describes a Riemann surface, through a complex curve. Curves which are defined
throughy? = P,(z), whereP, is a polynomial, are called hyper-elliptic. Thus, in the Korteweg-de
Vries limit, the Riemann surface is a hyper-elliptic complex curve.
Given the definition, Eq. (5.2), df andh;, Eq. (2.21) implies the following Poisson bracket for
these objects:

{l;,hi} = 1, (5.9)

where here the choice ofin = at 4 3 is made as to haveon the right hand side. The choice ®f
remains arbitrary. Egs. (5.3), (5.4) leads to the following expansion:for

J
y(x) = Zﬁkﬂﬂﬁk_lﬁ +0(z7%7). (5.10)
k=1
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with £; = £. All the £, ; are real parameters, as the symmetry of the finger dictates.
In a manner following closely to the way in which Eq. (2.29) was derived from (2.21), one may
derive from (5.9) the following equation:

Oy(z) _ 9pilw)

- = 5.11
ot oz ( )
Define now the Hamiltonians
; k+1/2
H = (x; , 5.12
2k+1 <$t >5r ( )
where the definition o§i(3) ; , for any functiong(¢) = Y72 ay.¢" is as follows:
a oo
9=~ +) (5.13)
k=1
(5.14)
Assume
oly Oh; ~
a i {xp k}7 atk { £ k’}a ( )
for k£ odd. Then,
Oyx) _ Ol(p) | Oli(¢) (9<Pt~(33) (5.16)
~ -1
; Ol(2) | 9li(®) Ol(?)
= l~ H — =
U Hy} ( 9% 95 ol
G=¢¢(x)
OHy, 0l (P) O,
= = = 17
op ' 09 |_ . ox ®.17)
P=¢t(x

This equation is an evolution equation in tihefor y, and has the property that it retains the form
(5.10). This shows that the timés may be viewed as the analogue of the harmonic moments in
the narrow finger limit. First, each, is conserved when any on of the other times is changed and
secondly, the;, are quantities characterizing the shape of the interface. Indeed, the fupgtigrior

which thet;, are Laurent coefficients, can be found by directly from the shape of the interface, as it is
the analytic continuation in the complex-plane of the function which gives thecoordinate of the
interface given the coordinate.

5.2 Dispersive Quantization of Korteweg-de Vries

Just as we have applied ‘dispersive quantization’ the the dispersionless limit of the two dimensional
Toda lattice equations, we shall now be interested in applying the same procedure the the dispersion-
less Korteweg-de Vries equations (5.15). We shall at this point do away with the tildes over the time,
over they variable, and the Hamiltonians, since we shall not treat the two dimensionless Toda any-
more, and as such there should be no confusion about whether the objects discussed belong to the
Korteweg-de Vries or the two dimensional Toda hierarchies.
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The Korteweg-de Vries hierarchy may be defined (See Ref. [29] and references therein) by con-
sidering the Lax operator,, a differential operator im, given by:

u(t1)

L=0} + o (5.18)
One may write the square root ffas a formal power series h,:
LV2 =0y + > bm(t1)0,™, (5.19)
m=0

whereg; ™ is the formal inverse of);, raised to the powem. The functionb,,(t:) can be found,
order by order, by demanding'/2L1/2 = L.
A set of Hamiltonians are then given by
Hapi1 = (il/gik) ; (5.20)
+

where the(L*+1/2) | denotes only positive powers &, in the expansion of.'/2L, which itself
contains both positive and negative powers. The equations for the hierarchy follow from the Lax
equations:

O, L = [L, HiJ1 (5.21)

The dispersionless limit of this problem becomes the problem that has been discussed in the
previous subsection. To show this, one may follow much the same methods as described above for the
two dimensional Toda lattice case. In fact the result may be obtained by taking an appropriate limit
of that procedure, hamely, the long and narrow finger limit, in which the Riemann surface becomes
hyperelliptic, and only real odd times describe the evolution. As such, we shall not repeat those steps.
We note, that the original literature cited here on the matter [28, 30, 31] either deals directly with
the Korteweg-de Vries problem, or with close relatives, which are easily reduced to the Korteweg-de
Vries problem — mainly the Kadomtsev-Petviashvili hierarchy.

The first member of the hierarchy gives the tautol@gy:. = 0;, u.The first non-trivial member
of the hierarchy is given by:

40, u = 0 u + udy, u. (5.22)

Alternative to the Lax construction, this equation may be obtained by defining the following Poisson
brackets:

{u(z), u()} = 2(u(z) + u(y)d'(z —y) + 0" (z —y), (5.23)
and allowing for evolution with the Hamiltonian:
H3 = %yguz(tl)dtl, (5.24)
upon which, Eq. (5.22) becomes equivalent to:
Opu = {u, Hs}. (5.25)
The tautological equatiof,, v = J;, u is generated by{; given by
H1 = /u(tl)dtl. (526)

All higher order flows defined by (5.21) may be obtained using the Poisson bracket (5.23) by defining
appropriate Hamiltonians (See Ref. [29] and references therein) .
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5.3 Inverse Scattering

The method of inverse scattering was first invented for the Korteweg-de Vries equation [32] and later
expanded to become a wide-ranging subject (see, e.g., Ref. [29] and references therein). It is useful
to review briefly the inverse scattering method, since it provides a link between the classical multi-
periodic solutions to the quantum states one obtains in solving the integrable quantum Korteweg-de
Vries equation.

To present the method of inverse scattering, first let us consider the periodic problem. Namely, we
consider the problem in which the fieldt, ) is periodic with perio®=. Next, we consider the Miura

transformation:
oo \?% 9%
- (=) -2 27
<8t1 ) 81‘% (5.27)

The Poisson bracket for the fiefdis then given by:

[0(12),6(11)} = ysien(ts — 1), (5.28)

and can be shown to be equivalent to (5.23). Namely, substituting (5.27) into (5.28) one obtains (5.23)
up to full derivatives. The latter are determined by requiring that the Poisson brackeno$t be
obey the Jacobi identity.

The Korteweg-de Vries equation, Eq. (5.22), translates into the following equatign for

9y 3¢ 9p\°
o= o) 529

which is a version of the modified Korteweg-de Vries equation (the standard modified Korteweg-de
Vries equation is written for the field = ¢').

The equation forp, Eq. (5.29) can be obtained for a zero curvature condition for a Lax pair.
Consider the operators

Ay = ¢lo.+ Vo, (5.30)
By = VA4 = 26™)0, + (¢ + ¢ (4X — 2¢'*)) 0, — 219"V Ao, (5.31)

where the prime denotes derivative with respeat tor'hen the equation

0 0
— —A\,— —B)| =0 5.32
[6151 v A] , (5.32)
becomes equivalent to (5.29) as can be ascertained by computing the commutator explicitly.
Eq. (5.32), which is equivalent to the dynamic equatiopdEq. (5.29), bas exactly the required
form to serve as the consistency condition required for there to be a solutitmthe equations:

0 -

<_8t1 — A/\> P =0 (5.33)
0 -

<_8t3 — B/\> =0 (5.34)

whereJ is a two dimensional vector. The significance of this fact is that one may approach the
problem of finding solutions of the modified Korteweg-de Vries equation, Eq. (5.29), or equivalently
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the Korteweg-de Vries equation, Eq. (5.22), as the problem of constructing solutions to (5.33) and
(5.34) as Baker Akhiezer functions as done above. In this section we shall show how the Baker-
Akhiezer function is related to the method of separation of variables.

The solution of (5.33) is, in fact, straightforward. We may write:

Bt = 2 [l 4] 5(0), (5.35)

whereZ? denotes a path-ordered product. One is lead to define the shift operator:

th
My(t,, 1)) = el A, (5.36)

The problem of finding Bloch wave-functions(t; + 27) = ¢?M(t,), satisfying (5.33) and
(5.34) is then the problem of finding eigenvectors of the malfix(2x, 0). The objeceV is called
the Bloch multiplier of the Bloch wave—functioﬁ(tl). Note that the first element (ﬁ denoted by
1, is also Bloch wave-functions for the following equation:

(0 +u(tr)) 1 = Ly = My, (5.37)

an equation which is easily derived making use of Egs. (5.33) and (5.27). A Bloch eigenfunction of the

Lax operator is the Baker-Akhiezer function. Indeed, the Baker-Akhiezer function is a solution to the

spectral problem, where the coefficients appearing in the Lax operator are multi-periodic functions.
A special case in which the eigenvectors\df, (27, 0) are apparent presents itself for values\of

at which M, (27, 0) happens to be diagonal. The the Bloch wave-functions are given by the standard

basis
1 0

up to a times dependent factor. We see that the first element of one of the Bloch function vanishes.
Namely the Baker-Akhiezer function vanishes at thisn one of the sheets. The matilf, depends
on the times and as such the poiatat which this matrix is diagonal also depend on time. Suppose
that there arg such points. Indeed, on a Riemann surface of ggrthe Baker-Akhiezer function has
g zeros (see appendix A). These points form a sgtdfnamical variables denoted by. Another set
of dynamical parameter may be taken as the Bloch multiplier associated with the non-vanishing Baker-
Akhiezer function aty;. Namely we take the upper left elemeQiMd,,),, , as a set ofy additional
dynamical variables. As shown in Ref. [33] and reviewed below, these parameters have a Poisson
structure that allows one to treat them as separated variables. We review the computation of these
Poisson brackets in the following, by computing the Poisson brackets of the elemévitg 2, 0)
for any A and then specializing to the points whevé, (27, 0) is diagonal.

We wish to find the Poisson brackets of the different elemenf&l@{2r, 0). Since we are inter-
ested in finding the Poisson bracket of any two matrix elemend of2, 0), it is useful to consider
the simultaneous operation of taking the tensor product and the Poisson bracket. Namely for any two
matrices,a andb, one may consider the obje€a$b}, which is an object which lives in the same
space ag ® b, and has matrix elements given by:

{a@b}aﬁvls = {a'a'y’ b,@6}> (5.39)

just as(a & b)aﬁv& = aa,ybﬂ(;.
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From now on we shall denote
M, = M, (27,0) (5.40)
With this definition we compute:
{M\$M,,} = //dxdx’M)\(%T,x) @ M, (2m, 2" ) {Ax(2)9A, (")} M\ (z,0) ® M, (2", 0)
(5.41)

This equation is a consequence of the definitiodMbfin terms of A (Eq. (5.36)) only, and may be
derived by writingM in terms of a path ordered product:

M, = lim 2]] <]1 +/ AA> , (5.42)
N—oo 2m (s
i ~ (i—1)
and computing the Poisson brackets that appear in (5.41).
An explicit calculation gives
{A)\('x)@Au(x/)} = 5/(-%' - $/)UZ Q o, (543)
Inserting this into (5.41), writing’ (z — y) = @5@ — y) and integrating by parts, one obtains:

(M3} = (5.44)
A(z) 1 - 12A,(x)
2

:/da:M,\(Qﬂ,x)@)Mu(%r,x) 0. ® 0, M) (z,0) ® M, (x,0),

where here we used the fact tHef., obeys similar equations to those thﬂabbeys:
0. M,(z,2) = A (x) M, (2,2"), OpM,(x,2") = —M,(z,2')A,(2), (5.45)

whereupon one may substityteor \ for .
Finally, we need the following identity, which may be obtained by an explicit calculation:

0. @0, Ax(z) @1 - 1®A,(x)] = R\/A/_m A(z) 1 +10A,(x)|, (5.46)
where
rT+7 o, @0, 2
R, = — + —~ (04 ®o_+o0_®04). (5.47)
T—T 2 T—T

Substituting (5.46) into (5.44) and making use Eq. (5.45), one may write:

{M)\Q?Mu} =
- / dzd, (M,\(27r,x) ® M, (2m,2)R /57 M(x,0) ®Mu(a:,0)) -
~ [~ s M@ M, (5.48)

This is the desired result. In the present, classical, terms, the equation encodes the Poisson brackets
between the elements @il at different spectral parameters in terms of bilineardvfitself. The
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gquantization of these relations will allow to compute the commutations relations for such elements in
the same manner.
An almost immediate consequence of (5.48) is that the tradd gfdenoted ag’:

Ty = trM),, (5.49)
Poisson commutes
{T\. T} =0, (5.50)

an equation which is immediately obtained from (5.48) by noting thafa$b}] = {tr[a], tr[b]},
just astr [a ® b] = tr[a]tr[b].
The relation (5.50) encodes the infinite number of conserved quantities in involution. Indeed, it
turns out that the expansion B, around\ — oo, yields the conserved quantities as the coefficients
in the Laurent expansion. This proves that they are in involution.
It is customary to define the following matrix elements of the maddx:

ar by
M, = < d. ) . (5.51)

Cr

To obtain separated variables one first notes that from (5.48) the following relation may be obtained
by taking the appropriate matrix element:

{br, b} = 0. (5.52)

Consider the points at whichZ- is diagonal. At these points, denoted ywe haveb,, = 0. The
following is then a consequence of (5.52):

{visvi} = 0. (5.53)

We have found a set of variables which are in involution. As further dynamical variables one may
consider\; = a,,. Referring back to (5.48) and taking the appropriate matrix elements one concludes:

{Ai, A} =0, (5.54)
and
{Ai, by} = 40; Ayl (5.59)
Whereb’% = ‘%’; \727_. Eqg. (5.55) may be obtained if we postulate the following Poisson brackets:
{Ai,’yj} = 4(51'7in"}/¢. (556)
We thus have:
{Ai A} ={vi,7} =0, {logA;logy;} = dij (5.57)

The variablesdog(v;) andlog(A;) are thus canonical. To show that these are also separated vari-
ables, one needs to show that each pairA;) traces out a one dimensional loop, whose shape is
independent of all the rest of the canonical variables. Namely, one must shady ikat function of
v;, the function depending only on the conserved quantities. The existence of such a representation is
a consequence of the fact thtis the Bloch multiplier associated with the Baker-Akhiezer function
at ;. An explicit expression for the Baker-Akhiezer function is given in appendix A, from which
A(z) may be found. We thus have = A(~;), as required.
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6 Quantum Korteweg-de Vries

Having reviewed the classical inverse scattering method, we are able to present the quantum version
of which, discovered in Refrs. [11-13] based on results of Refrs. [14, 15]. More context on the
gquantum inverse scattering can be found in Ref. [34] ,but see also the brief treatment in Ref. [29].
We now go on to review the quantization of the Korteweg-de Vries problem based on quantizing the
field u(¢1), which will lead to the connection to conformal field theory. An object which bridges the
two approaches is given by the form factors, which has a central role in the proposed connection to
Laplacian growth.

6.1 Quantum Separation of Variables

The classical separation of variables method for the Korteweg-de Vries problem was achieved by
considering the monodromy matrix. Quantum Korteweg-de Vries can be defined by quantizing in the
separate variables, in a method suggested by Sklyanin [35]. On defines the quantum analggues of
andA; as a set of operatoy;, A;, with the following commutation relations:

A, Aj] = [3i,95) = 0, Ay = e™M0iad,A,. (6.1)

To see that indeed (5.57) is the classical limit of the last equation of (6.1), we write the last equation
in (6.1) as:

elos(A)+log(k)+3 log(A) Jog () 1+ — crmhdi.;+log(Ai)+log(n) =3 llog(Ai) log()l+-  (5.2)

obtained by using Baker-Campbell-Hausdorff Lemma. Taking the logarithm of both sides, one ob-
tains:

log A;,log vl = dijamh+ . ... (6.3)

The semiclassical limit of this equation is indeed (5.57), as desired.

One may find a representation of this algebra by postulating some Hilbert space spanned by the
joint eigenvectors of all thé,’s, which we shall denote bl), with 4;7) = ;|7). The operator\;
can then be represented on such states as:

AL Ty 2 | _,
A7) = eje 5 |). (6.4)

To make contact with a more usual field theory description of quantum Korteweg-de Vries, namely,
a description in which the field(z) is quantized, the variable;, 4;, must be written through the
quantum fieldi(x). In fact, it is more advantageous to start with the Miura fieldsee Eq. (5.27)),
and quantize it, and then perform a quantum Miura transformation to thefi€ld this aim, we
define an operatois(x), analytic in the upper half-plane, which satisfies the commutation relations:

3(2), b)) = T, 69

The latter being an analogue of (5.28). )
In analogy with (5.36), one may define an operator valued matrix wave-fungtjgn;,) depending
on the spectral paramet&y as follows:
\i/)\(l‘) — eé(w)ﬁzt@exp |:)\/ (e—QQB(x’)5.+ + 62(13(36,)&_) dl‘/:| ’ (6.6)
0
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wheregy, 6, are matrices satisfying:

ezﬁ&z _ e—zﬁ&z

ezh _ efzh )

[62,64) = £252, [54,6-] = (6.7)
which in the limit/ — 0 yields the usual Pauli matriced., () is a operator-valued matrix solution
to a quantum analogue of Egs. (5.33), (5.34).

The rather unusual way in which the parametanters into (6.6) through (6.7) is necessary in
order for\il,\(x) to produce, through the monodromy matrix, a set of quantum variables satisfying
(6.1). Indeed, define the quantum monodromy matbik, as the matri@k(x) atx = 27

M, = U,(2m). (6.8)
It can be shown [13], using the commutation relations (6.5), the the following relation holdd for
R (\/)\/;z) (My®1)(1® M,) = (1® M,)(M,®1)R (\/A/u) : (6.9)
with
g A =g\t 0 0 0
_ 0 A=X"t g l—ygq 0
R(X) = 0 g A 0 (6.10)
0 0 0 g A =g\t

This relation is the quantum analogue of (5.48). Indeed, we set” and write:

R(N) 1A+
A— Al 2N — A1

=1 —h (T(A) + 11) + O(h?) (6.11)
If one substitutes (6.11) into (6.9) and uses the usual semiclassical expansion of the product of oper-
ators,AB = AB + %{A, B} + ... one obtains (5.48) to first order in the expansion. Namely, the
commutation relations between the matrix element3ffwhich are encoded in (6.9) can be viewed
as a quantization of the corresponding Poisson brackets, which are encoded in (5.48). Thus, one may
proceed with a quantum version of the separation of variables method, based on (6.9).

The proof of (6.9) is rather cumbersome and Ref. [13] (the third from the series of papers [11-13])
focuses on this aspect of the quantum Korteweg-de Vries integrability, the calculations are based on
insights gained from Ref. [14, 15].

Let us write:
AN B(N)
M, = ( c DO > (6.12)

We are now ready to writ§; and A; throughd, albeit rather indirectly, since we shall write these in
terms of A, B, C andD, which can, in turn, be written through, due (6.6), (6.8). The following
expansion of the operators may be shown:

B\ =B0)[] (1 - i—i) ;AN = i A" A, DN = i A2"D,,, (6.13)
J n=0 n=0

which definesj;, while A;, is defined byA(4;) = A;. In the substitutionsd(¥;), the operatof>” is
to be Qlaced to the left ofl,, respectively. The commutation relations (6.1) follow from the definition
of 4;, A;, and from Eqg. (6.9).
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6.2 Conserved Quantities

We now pass to a description of quantum Korteweg-de Vries that stresses the quantization of the field
u(x). As the quantum analogue of the Miura transformation (5.27) one may take:

1

Tla) = - :62(@): + (1- %) @'(@) = 57 (6.14)

The fieId%T(x) is the quantum analogue of the Korteweg-de Vries fieltt is designated &8 since,

as defined, it has the commutation relations of the stress energy tensor of two dimensional conformal
field theory. Indeed, the commutation relations §oiEq. (6.5), become the following commutation
relations for the field™:

(1), 7)) = - (T(@) +T(y)) 278/ (@ — y) + 0" (z — ), (6.15)

which are both familiar from conformal field theory and constitute a quantization of the commutation
relations (5.23), where

c:13—6<f+ﬁ>. (6.16)
h

The commutation relations (6.15) becomes the commutation relation (5.23) in thé limi6 if we

assume that in this limit
~ T

T(x) — ﬁu(a:), [-,] = onf- -} (6.17)

Given Eg. (6.15), it is possible to construct an infinite set of mutually commuting quantities on
the cylinder,

2

0 = or e

27

fécyl)zygd—x:T3:+c+2:T—/2:
2

ey

I}cyl) dx T

where the normal ordering is defines as:

L AB: (w) = 2im 515 - CizwA(z)B(w), (6.18)
and the integral is over a small circle surrounding

That these are mutually commuting quantities may be ascertained [36] by finding the commuta-
tion between them using (6.15). To construct these and higher conserved quantities, one may start by
simply replacing the field: of the classical conserved quantities Bytake the normal ordered prod-
ucts, and finally add correction terms such that the resulting quantum conserved quantities commute
among themselves.

The operatofl'(x) may be Fourier transformed:

T(z) =Y Loe ™" — 2—‘; (6.19)
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where the constanf; is introduced for convenience. The commutation relations between,tise
may be inferred from (6.15) and is the well known Virasoro algebra:

(L, L] = (m — 1) Lpym + 1—C2(m3 — 1) (6.20)
The mutually commuting quantities then take the form:

N

o0
. . +2.  c(bc+22) ¢
RGN A N S S <
3 > L-nln 12 07 T 2880 24

n=1

The commuting variablesfé;@ji)l are a quantization of the Korteweg-de Vries Harmiltoni&ig. |
(up to unimportant numerical pre-factors) [11-13, 36], in the sense that, in order to construct them,
one may use the classical conserved quantities, which can be shown to Poisson commute given (5.23),
and add to them quantum corrections, such as they would commute under the quantum commutation
relations (6.15). To fill in the picture of how the classical algebro-geometrical solutions, with their
separated variables;, A;, are quantized, one must show that the quantum variable’s; separate
the problem of simultaneously diagonalizing the Hamiltonlﬁﬁ&. This is, in fact the case, and the

mutual eigenfunctions cﬁéfﬂ have a factorized form:

N
Yy -w) = [[ Qi(), (6.21)
j=1

while the eigenvalues of the operatcfé%ﬂ and the separate wave-functias$ may be found using

the algebraic Bethe ansatz. We shall, however, not delve into this subject or provide any of the
technical details, which is a subject of a large body of work, which for the specialized problem of
quantum Korteweg-de Vries was first treated in Refrs. [11-13]. The message of this section being
primarily that the algebro-geometrical solutions may be viewed as the semiclassical analogues of the
states produced by the algebraic Bethe ansatz. The limited set of technical details provided here serve
merely to show on what basis such a connection can be made.

6.3 Form factors

We now introduce the object that will be central to the proposition of how to connect the classical
problem of Laplacian growth to conformal field theory. This object is known as the 'form factor’. To
introduce it we shall consider the transformation properties.of

The commutation relation (6.15) continue to hold if we repla¢e) by o 27'(ax) and7'(y) by
o~ 2T(ay) . In fact for any analytic function(z), the commutation relations are invariant under the
substitution ofl'(z) with 7'(z) with

T(z) = /()72 | T(a(2)) - 5{zla}] (6.22)
where{z|z} is the Schwarzian derivative
"\ 2
<Z—,> . (6.23)
z

Z///
felo} = 5 -

N w
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This fact allows one to define an operaﬂ%)(rz) on the Riemann sphere (namely ©ru {co}) by
applying the exponential magiz) = ¢'*. We obtain:

2 . _9 ~ i
T(z)==z2 (T(log(z)) + 24) . (6.24)
Thus, for example, we obtain:
Seyl) _ fdr s o1 5
L7 = 515 2ﬂT(ﬂ;) =g %dzzT Ly. (6.25)

The common eigenstates bﬁ’ﬁ)l are the primary fields of conformal field theory and their descen-
dants.

j%cyl) f dz T
N

Figure 5: The contours of integration of the conserved quantﬁfi(é@ andfl(c). The contours of
integration on the cylinder or the complex plane are indicated by arrows.

There is another way to obtain conserved quantities on the Riemann sphere, which yields different
commuting quantities. Note that the proof tt ) are commuting quantities relies only on the form
of the commutation relations and on the fact that the mtegratlon contour, which defines the conserved

guantity, is closed. This means that if we take the quantltle[é and replacelz by dz, T by T

and the integration contour around the cylinder by a closed contour in the complex plane surrounding
the origin, we will get a mutually commuting set of quantities. We denote these conserved quantities
by ék}rl This procedure is demonstrated in Fig. 5.

As mentioned above, the mutual eigenvalues of the commuting opelféf;%ﬁs are the chiral
primary fields and descendants of conformal field theory. To find possible spectra and the properties
of these eigenstates, one uses the representation theory of the Virasoro algebra, Eqg. (6.20). We shall
find opportunity in the next section to quote some results from this representation theory, but we will
not review it here.

The diagonalization oféf}rl follows a different route. The reason for the different approach

in comparison toléz?ﬁ)l is the fact that whlleléi?jf)1 are scale invariant, the operatf)i:f}rl scale as
L~(+2k) ‘whereL is sum large scale cut-off. For example, if we thinkdas the cylinder of radius
L in the limit L — oo, we expect that eigenvalue f)ltc) to scale to zero in the limit — oo asL ™!,
while f{cyl) becomes a universal number independent @i the limit. The latter behavior (relating
to fl(cyl)) is more tractable using representation theory than the former behavior (relaﬁbcd)toTo

diagonalizef{c), one rather puts the system on a cylinder of radiyo provide a cutoff) and solves
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the problem using the Bethe ansatz [37-39]. Indeed, treating the complex plane as a cylinder with
the radius sent to infinity, the method of the quantum separation of variables discussed in section 6.1,
produces the set of states, which simultaneously diagonalizes the quantum Hamilf{)ﬁ)ans

Regardless of how the two bases, which diagonalize the two commutin@égﬁs féfil, are
found, one may consider the expansion of a basis vector belonging to one set, in terms of the basis
vectors belonging to the other. These objects, called form factors, are the main object we wish to
introduce in this section. They hold special importance for the message this paper wishes to convey,
as we shall argue in the next section that the modulus square of such form factors are an appealing
candidate to describe the statistics of the Hele-Shaw interface and in particular may hold the key to
analytically obtaining the fractal properties of the interface, including the fractal dimension.

To be able to more precisely introduce the form factors, let us first notefif@ are usually
diagonalized in terms operators, rather than directly by states, the two points of view being equivalent
due to the operator-state correspondence of conformal field theory. One finds opér(aiﬁ),rsuch
that:

(52, B(0)] = Ao 18(0). (6.26)
In addition, a vacuum) is defined as a special highest weight state. Namely, this state satisfies:
Ln|0) =0, (6.27)
forn > —1. An eigenstate offcyl) = Lo — 57 with eigenvalue&l = A1 — 53,can thus be written as:
$(0)[0). (6.28)
The z dependence db(z) is defined by:
19, (2)] = 0.9(2), (6.29)

which may be more familiar when one realizki@ = L_4. In addition, it can easily be show, based
on Egs. (6.19), (6.26) and the Baker-Campbell-Hausdorff lema, that the following relation holds:

PTG f(z9)e0F 1) = D10G (%), (6.30)

As for the eigenstates cﬁgf}rl, these are obtained by quantizing the Korteweg-de Vries problem,
as described in section 6.1. In that section it was shown that the separated variables of multi-phase
solutions of classical Korteweg-de Vries become separated quantum operators. The eigenstates so
obtained are then in one to one correspondence with multi-phase solutions of Korteweg-de Vries,
which may be labelled by the hyper-elliptic surfade We thus denote such eigenstates|dy. In
particular:

L5011 A) = Horar(A)]A) (6.31)
We may now introduce the form factor. This is given by:
(A|®(2)]0). (6.32)

The form factors have had an important role in the study of integrable field theories, and a full un-
derstanding of them, would allow also for a full understanding of the integrable field theory beyond
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the spectrum. Important advances in this direction have been made by F. Smirnov (see [40] and refer-
ences therein) and others (r.g., Refrs. [41,42]) . How these objects stands in relations to the quantum
Korteweg-de Vries and its semiclassical limit are described in Refrs. [43—46].

The importance of the form factors lies in the fact that the set of stptesjs, by definition, a
complete basis and as such one can write a resolution of the identity as:

1= 55 LAY (AldA. (6.33)

The form factors then appear naturally when one inserts the resolution of the identity into correlators
of the fields®. We must note, however, that in (6.33), the meagitanust be specified. In addition,

it is not clear that the set of states described by the quasi periodic solutions, toWsielves as a

label, are complete. Thus, it should be assumed that in (6.33), thedainaly have to be generalized

to go beyond labelling hyper-elliptic Riemann surface. We shall, however, in the sequel, be interested
mainly in the semi-classical interpretation of Egs. (6.33,6.32) and in a context where such distinctions
are less crucial.

7 Quantum-Classical Distribution

We shall now discuss some properties of a certain sesquilinear of the form factor in Eq. (6.32). These
properties will eventually clarify the reason for proposing a possible connection with the probability
distribution P(.A), introduced earlier in the paper, Eq. (1.2). To do so, we need first to consider a
semiclassical version of the form factor. We imagine taking a wave packet of quantum states such that
the packet saturates the Heisenberg uncertainty bound and denote the pdcket bynd define the
object:

p(A) ==<0|D(0)|A~=<A|D(0)|0>- . (7.1)
Here we allow to take for the state)|$(0) some semiclassical approximation, and thus denote it as
=<0[|®(0) rather than ag0|®(0).
7.1 Time-Translation and Scale Invariance

We would like to show thap(.A) is time translation invariant, just a(.A), Eq. (1.3). First, from
(6.31) we have for any sufficiently well behaved generic (namely, one that cannot be written as a linear
combination ofil; " ) operator(), the following:

()
lim (1) +5o)’ A) = e DHUA)| 4y, (7.2)

Now semiclassically, and by using the Whitham method, which states that any perturbation will lead,
in zeroth order, to the Whitham evolution, we may write:

L s(7940)

6—0

|A) ~ [ A%, (7.3)
the superscripiAt having the same meaning as in Eqg. (1.3). Assuming that the object:

<0’¢A)(O)671At (1{9+60) A (7.9)
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is smooth ag — 0, we obtain, by employing (7.2):
. —uAt (19 56 AFO150) =
lim <0/ (0)e A(1450) g 42417 +50) 03 0= p(4), (7.5)
which when compared with Eq. (7.3) gives:

p(A) = p(A™). (7.6)

To show thatp also has the requisite scale invariance property, we must first consider the correla-
tion function:

(018(0)8(2)[0) = - @7
where
C = (0|®(0)®(1)[0). (7.8)

this equality being easily obtained by making use of (6.30). On the other hand by employing the
resolution of identity, Eq. (6.33), one obtains:

(0]®(0)®(2)|0) = / (01@(0)].A) (A (2)|0)dA. (7.9)
This equation may be written througi4):
(016 (0)B(2)[0) = / p(A)e— g A (7.10)

which when combined with (7.7) yields:
p(A)dA ~ d(H,(A))*, (7.11)

whereH,(A) is the dispersionless Korteweg-de Vries first Hamiltonian, Eq. (5.12), for the Riemann
surfaceA. If we interpret the algebraic Riemann by means of the Hele-Shaw interface, we have the
relation H; (A) ~ +/R such that we may write:

p(R)dR ~ dR™*. (7.12)

We also make a note on the measutd, We should demand that this measure is time trans-
lation invariant. We believe that this is indeed the case, as the measure of integration for the semi-
classical wave-function is often assumed to be the Liouville measure [43, 44, 46]. This measure is
time-translation invariant, by a well-known theorem. The fact that it is time translation invariant with
respect to the Whitham evolution, may abe surmised by noting that Whitham evolution is the zeroth
order limit in any well-behaved perturbation. In the zeroth order the time translation invariance of the
metric must be recovered, and so the measure must be invariant with respect to the Whitham evolution
as well.
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7.2 Some Results from Virasoro Representation Theory

Both the proposed time translation invariance and the scale invariap¢elpfEgs. (7.6) and (7.12),
compare well, with the properties expected from the Hele-Shaw probability function Egs. (1.3) and
(1.5) , respectively, if we identify théfcyl) eigenvalue associated with the chiral fidlidnamely,A,
with the fractal dimensionD. It turns out, that the representation theory for the Virasoro algebra
(the algebra given in Eq. (6.20)), gives a discrete spectrum (again under some assumptions) for the
possible values of\, and hence for the fractal dimensiéh

At this point, it is perhaps advisable to reiterate that a more satisfactory connection between
Laplacian growth and the representation theory of conformal field theory, would start from the two
dimensional Toda lattice hierarchy rather than the Korteweg-de Vries hierarchy. As it stands, the
relation between the Korteweg-de Vries limit of Laplacian growth and conformal field theory may not
be satisfactory in order to make even conjectural statements. Thus, the purpose of the current exercise
linking the fractal dimension]), to the eigenvalue)\|, in conformal field theory, is give the gist of
how the computation may work within a framework of more comprehensive theory.

After these words of caution, let us remind the reader that the representation theory of the Virasoro
algebra, Eqg. (6.20), admits representations which depend which appears in (6.20) on the right
hand side. Among those representation there are distinguished valueataofhich the especially
simple representations exist, the field theories at those valuearefcalled minimal models. These
representations are simple in the fact that finite number of fiéldatisfying condition (6.26) can be
chosen that generate the entire representation. These are called chiral primary fields and are labelled

D=2 D=2.0
D=12/7 - D=17
D=3/2 ° . : * D=15
. ] -
.
D=1 . : 2 : =10
m=3 m=4 m=5 m=6

Figure 6: The spectrum of dimensions, for the first non-trivial unitary minimal models. Only di-
mensions betweehand2 are shown. Empty circles represent first descendent of chiral primary fields
(namely, fields with dimension® = A(™) + 1), higher descendants do not have fractal dimensions
betweenl and2, filled circles represent primary fields (namely, fields with dimensibns A (%)),

The minimal unitary model withn = 6, corresponding te = 6/7, contains a field with dimension
12/7. This field is the(5, 3) field in the Kac classification. The first descendent of the Kad)

field has the same dimension. Only a few fields, and fewer primaries, are above ttie 4ng/2
corresponding to Kesten’s bound [47),> 3/2.
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by two number-, s. We Writeéﬁ,.,s for such a field. We concentrate here on such representations which
are unitary. For unitary representations, the possible valuear given by:

6
-1-— 7.13
¢ et (7.13)
wherem is an integer larger or equal & m > 3. Within these theories and for the operatémgs,
the labels- ands can take the valueb < r < m, 1 < s < r. The value ofA; for ®, , which we

denote byAg’"’s), is given by:

Ao _ [om 4 Dr = ms? - 1 (7.14)
! dm(m + 1)

Other solutions of (6.26) have a dimensian which may be larger by an integek; = AY’S) +n,

for somen > 0.

We have focused on the unitary models, since they seem to have the kind of properties which are
needed to have a consistent description of the modulus square of the form factors as the Laplacian
growth probability distribution. But of course, this statement must be taken with a grain of salt. At
any rate, one can focus on these models and see whether the fractal dimensgioch is observed
in Laplacian growth [1,2]D = 1.71 + 0.3, is reproduced in this approach &= A\"*) + n, for
some admissible values r ands. The observed fractal dimension have long been recognized as
being equal tadD = 12/7, within the accuracy of the observation. As shown in Fig. 6, such a fractal
dimension appears at = 6 forr =5, s = 3andn = 0 and forr =5, s =4 andn = 1.

Many other fractal dimensior), can be found for, say, the first four unitary mod@lsy m < 6.
However, given that the fractal dimension of cluster embedded in two dimensions must be between
1 and2, and moreover given Kesten’s work who showed thé < D < 2, only a few possible
fractal dimension appear for the first four unitary minimal models, &ne= 12/7 may be found
among their numbers. We should note that Kesten’s bound was found for the closely related process
of diffusion limited aggregation [48], believed to be in the universality class of Laplacian growth [1].
We should also note that the number of fractal dimensions respecting the known bounds, increases
rapidly asm increases beyongl, such that without further insight into how to determine the correct
conformal field theory, labelled hy, from which to take the fractal dimension, the approach will not
yield unambiguous results, this of course assuming the validity of the approach in the first place.

8 Conclusion

We have presented a possible connection between Laplacian growth and conformal field theory, which
relies on the classical and quantum integrability of the problems, respectively, after reviewing some
necessary material regarding the classical integrability of the Laplacian growth problem and the quan-
tum inverse scattering method applied to conformal field theory and the quantum Korteweg-de Vries
equation. It is perhaps advisable to stress again the tentative nature of the proposed connection. At
the same time, it may be reasonably said that the proposed connection seems to be offer an inter-
esting paradigm for how non-equilibrium integrable systems may be treated analytically. Namely,
that a sort of spectral expansion of field theory operators may provide the probability density for a
non-equilibrium system. The prospect of such an approach is appealing because it allows to deviate
from the more common analytic device of proposing Gibbs or Gibbs-like measures for the solution of
non-equilibrium problems (for example, in problems of large deviations in which probability densities
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can be understood and computed as the exponent of some non-equilibrium action), while allowing for
progress within an analytic approach.
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A The Baker-Akhiezer Function: Existence and Explicit Form

We give here an expression Baker-Akhiezer functions defined on some Schottky double. To do soitis
necessary to describe the Schottky double by the ‘Jacobi variety’. This description is very familiar in
the case of a genussurface. In that case There are two interfaces and two cycleqsee Fig. (3)).
a genusd surface has the topology of a torus and a torus is well known to be representable in terms of
a rectangle with opposite sides identified. This latter is the Jacobi variety for a yeouiace. The
extension of this two higher genus surfaces, when there more than two interfaces, is described below.
The construction is then used in order to write an explicit formula for the Baker-Akhiezer function on
the Schottky double.

A genusg surface admitg independent holomorphic differentials. A natural basis for such dif-
ferentials is given by; required to be holomorphic one-forms satisfying:

§1§ G = djk- (A.1)
ak
Let us consider the Abel map [22,49,50)z) : D — CY/(Z9 + BZ79), where

Byj =@ ¢- (A.2)
br,
The Abel map is defined by:
uj(z) = / ¢; mod v, ve€Z!+ BZ9, (A.3)
£

wherez, is some point on the Schottky double satisfying) = z. Namely,i(z) is a vector whose
j element is[* ¢;, whereby the freedom in drawing the contour of integration to surrourtones
around cyclea; andn times around cyclé; leads to an additive ambiguity in the value @fof
the formmeé;, + nBé;. To remove this ambiguityi(z) is considered to take values in the Jacobian
CI9/(Z9 + BZ9). Forg > 1 the image of the Abel map is a two dimensional surface within the
Jacobian.

The matrix B turns out to be symmetric and, because of the existence of an anti-holomorphic
involution, B is purely imaginary. Furthermore, the mati is positive definite. This allows to
define the Riemann theta as follows:

_»tB_»
0(i@) = Y exp2m [ﬁ-ﬁ+ z "] . (A.4)
ez
The Riemann Theta function is quasi-periodic on the Jacobian:
0(it + éx) = 0(0), O(d + Béj) = e ™Pii 2™ (7). (A.5)
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The function itself is, thugjotsingle valued on the Jacobian. Nevertheless, it may be used to construct
all single valued holomorphic functions on the Riemann surface by taking proper combinations of it.
For example, the logarithmic derivative #is already single valued.

The Baker-Akhiezer function can be written in terms of the Riemann theta function, as well.
However, to write the explicit expression, we shall first need, for éaithdefine twog-dimensional
vectorsi?, &b, as follows :

(@), = z¢ dHy, (a,ﬁ:) _ —z§£ dHy. (A.6)
In addition, let us define a set of poin@t as a set ofy points on the Schottky double, such that
,Y;r = 7(v; ), and such that there exist a differenti#i2 with first order poles ato. with residues

+1, respectively, and with zeros at the poim;é and'y;. We Ietﬁi) = U(fyii), respectively.

We denote from here on
H():H/Q, t():t:n. (A?)

The explicit expression for the Baker Akhiezer functign,, and a function)—, which may be
treated as its adjoint, reads as follows:

Ui (2) = e o ittt o (Z Re [tk<ng + w,‘;)}
k

ﬁ(z)) . (A.8)

whered* (| %) is a function of two compley-dimensional vectorsj andi. The functiond* takes
the following explicit form:

o(i+w—Y,ah+K
(I):i:(,u—)»|a»):A:i:(,u—)»)ezt27rzﬁ~B_1Im(1E) ( Q) >

— , A.9
6@ — 3, 4 + K) (A.9)
whereK is the vector of Riemann constants, which is given by:
1+ Bij
KFT_Z%,“"Q' (A.10)
Ve

Expression (A.8) is single valued on the Riemann surface even though, as noted before, the
Hamiltonians are multi-valued function. In fact, the explicit form for the Baker-Akhiezer function
is constructed such as the quasi-periodicity of the Riemann theta function exactly cancels the quasi
periodicity of the exponent of the Hamiltonians as they appear in (A.8).

The amplitudesA*, are, for now, arbitrary. The fact that the Baker-Akhiezer function defined in
Eg. (A.8) indeed solves the spectral problem, Eq. (4.18), will be shown in appendix B based on the
following analytic properties that this functions obeys:

e Asz — oor, the Baker-Akhiezer functions have following expansion:

J (A.11)

zk 7

+,
fT

k
1/}7% :Zineizk>otkz § :

Jj=0
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while asz — oo}, the Baker Akhiezer functions have the following expansion

2n (A.12)
zJ

_— €i7l
1@5 — 5TneT 2o th? Z
j=0

+,1/1

The parameters;, ' are functions of the times, t;..

e The functionsyX(z) have poles at the pointgf, respectively. This fact is based the Riemann
theta function participating in the definition & has zeros at those points [22,49, 50].

e The amplitudesA®™ may be chosen such that the Baker-Akhiezer functions are normalized by
requiringgaLn’T to be real and positive along with the following condition

1 1
+,1 _ _
on = =1 = e (A.13)
On On
These analytic properties can be ascertained from the explicit form of the Baker-Akhiezer func-

tion, Eq. (A.8).

It is important to note that the Riemann theta function fiagros, and thus the Baker-Akhiezer
function vanishes a$ points on the Riemann surface. As discussed in Ref. [33] and reviewed in
section 5.3, the: coordinate of the points on the Riemann at which the Baker-Akhiezer function
vanishes, can be considered as sety afynamical variables. One may take the Bloch multiplier
associated with the Baker-Akhiezer function on the opposite sheet of the Schottky double as another
set ofg dynamical variables. Together we haedynamical variables, which, as discussed in section
5.3 in the context of the Korteweg-de Vries equation, are separated variables .

B The Baker-Akhiezer Function: Definition and Properties

Assume a Schottky double, with anti-holomorphic involutien, We assume that as — oo, the
function 7(z) may be expanded agz) = 2/ + O(z/~!), for some positive integet], which one
should assume to be large.

We have defined the Baker-Akhiezer function as a function satisfying (4.18). We need a somewhat
more explicit and detailed definition of the spectral problem. We write this definition here as follows:

D Lomtrh =200, Y U Lonn = 20, (B.1)

STk =@ Y Tt (2) = 7(2)05 (B.2)
@

ot = Lk, oy ==Y L, (B.3)

et =S LW, Gy = -5 L, (B.4)

Equations (B.3), (B.4) should be understood as written on the front side, and may be analytically
continued to the back side. Thus for exampie (B.3) is to be replaced by(z) on the back side.

Given that the analytic conditions the Baker-Akhiezer functions obeys, detailed in appendix A,
one may prove that these functions obey a list of properties enumerated below. The central item in
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the list is the fact that the Baker-Akhiezer function solves the Lax spectral problem. The properties
enumerated as 1- 4 below may be treated as lemmas helping to prove this central fact, which itself is
enumerated as property 5 below.

1. Unigueness
A function f:F satisfying the same conditions &§, Egs. (A.11-A.13), is equal tg=. A
function £ satisfying the same conditions ag", except the normalization condition, Eq.
(A.13), is proportional ta);t.

2. Orthonormality :

5 %wn Yk (2)dQ = 6, (B.5)

whered(? is a differential with first order poles ab, with residuest1, respectively, and with
zeros at the point:r/;.r andy;. The differential is normalized such that its integral over any
cycle is purely imaginary.

3. Completeness
Consider functions,f*, on the Schottky double meromorphic everywhere excepboat,
where they have the expansions:

7 (B.6)

z

f* = { e Zg>0 Ci TZ*J? Z =00

+
i =—]j
ML o= Yo th 2 Zj>0 lz=i 2o 00|

with poles atyf, respectively. The completeness property states that such functions are ex-
pandable in terms of Baker-Akhiezer functions. Namely, there exist coeffim'?h&mch that:

Z a YT, (B.7)
Jj= n1

wheren;” =m,ny =m;,ny =m{,ny =m,respectively. The expansion (B.7) holds if
3 > n, otherwisef* = 0. Similarly, f~ = 0 unlessn, > n; .

4. Reflection

Ui (7(2)) = ¥, (2), Un (7(2)) = ¥y (2), (B.8)
—dQ(7(z)) = dQ(z) (B.9)

5. Spectral problem:
The Baker-Akhiezer functions);”, are wave-functions associated with the Lax spectral prob-
lem. Namely, Egs. (B.1-B.4) hold, with (4.4).

We now give brief, semi-rigorous ‘proofs’ of these properties
Proof of 1.
If two such functions/,, ands),, exist, then their ranéL is a meromorphic function which has

zeros at the poles af,, and the zeros of),,. The Rlemann Roch theorem [22, 49, 50] states that,
generically, a function cannot be found with arbitrarily chosen positions for the zeros. Thus, the zeros
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and poles of) andi coincide, namely%= is entire on the compact Riemann surface, and #ius- ¢,
wherec is some constant independennt@nThe normalization condition (A.13) fixes this constant to
bel.
Proof of 2:

Consider the integrand; ({t}.}, z)v,, ({tx}, 2)dQ has no singularities except at;,| where it
has the formz("=m)~1¢1dz and —z(m=m~1¢ L dz, respectively. Ifn > m we may deform the
contour of integration to surroungb| and obtain the the integral is zero ana it m we may deform
the contour of integration to surround _ with the same conclusion. # = m, we may deform the
contour of integration to surrounsb to obtain that the integral is given Hy by using Eq. (A.13).
If for n = m we deform the contour of integration arousd_ instead of aroundo. and apply the
condition that the result must not depend on the choice of how to deform he contour, one obtains
go_n’l = g% The latter relation naturally joins the normalization condition Eg. (A.13), and so we

record hé?e the full normalization condition, which includes this relation, for future reference:

1 1
+9 R
gOn £0n
Proof of 3:
Let us focus onf™, only. The proof with regards t¢§— goes along the same lines, so we shall
omit it.
Let us assume first that > m|". Given the expansion af;" aroundoor, Eq. (A.11), one sees
that one may cancel the coefficienft‘?’T in (B.6), one by one foj = mT*, e ,mf -+ 1 by adding
to f™ a linear combination o{bj, and this without affecting the leading order behavior arotnd

+
More formally, there exists a set of numbe{is;.“ }?_Tm++1 such that the following expansion for the
i

- +
function ¢ = f — Z;T:m“l a; ¢ holds aroundsoy

N {meez““’“<q+o<1/z>> 2 = o0 (8.11)

Zinﬂfe*EZEFEk(cl4—()(1/2)) z — 00)

for somec; andc,. Sincey) satisfies all the analytic requirements defining the Baker-Akhiezer func-
tion w:ﬁ, except perhaps the normalization condition, it follows from uniqueness (property 1 above),
1

thaty) must be proportional ta);+. Let us denote the constant of proportionalitycb;¥+ and write
! 1

+
my

b=FT- ) ol =alul,

j:mj+1

from which (B.7) follows immediately fof * and withn{” = m | andny = m].

If m? < mf then it follows thatf* obeys all the analytic conditions required;@rfﬁ, except
1

the normalization condition. Indeed, the expansiorfi bfaroundoo, is given by the form on the right
hand side of Eq. (A.12), while the expansion arowag, is given by the right hand side of Eq. (A.11)

with fot;L = 0, and the existence of a normalized Baker-Akhiezer function. Thus, due to uniqueness,

f*=ay" ., for somea. The fact thatr = 0 follows from fot%L = 0, showing that if. < n{, then
1
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fr=o.
Proof of 4:

If one compares the asymptotic expansion/of, given in (A.11),(A.12) with the expansion of
*(7(2)) one sees that they match, based on (B.10), and the facpthpmapsoo; /| to co|/q,
respectively. The location of the poles match as well. The uniqueness of the Baker-Akhiezer function,
then dictates that the two functions must be equal, proving the first equality in (B.8). The proof of the
second equality follows much the same lines.

The equality, (B.9), may be proved by comparing the analytic properties of the left and right hand
sides. The poles and residues are the sameaBmalb cycle integrals are purely imaginary on both
right and left hand side. Two differentials having the same singularities normalized to have imaginary
periods over any cycle are equal, since their difference is a holomorphic differential with imaginary
periods. The latter is necessarily zero, since the requirement of zero imaginary period re@gsents
real linear constraints on thxy dimensional space of holomorphic differentials (viewed as a vector
space oveR).

Proof of 5:

The analytic function on the Schottky double, which on the front side is giveni®given on the
back side byr(z), which asz — oo, has the expansion(z) = z/ + O(z7/~!), thus the front-side
function z¢;F, when analytically continued to the back side, has the expansion:

Zw;l‘ _ { Zn-i-leZtkzk (CT + O(l/Z>) Z — 001 (B.12)

7N~ h (0] + 0(1/2)) 2 — oo

By the completeness property (3 above), we obtain that there exist coeffi€igntahich are non-
zeroforj =n — J,...,n+ 1 and vanish otherwise, such that:

n+1
apt = Y Lot (B.13)

j=n—J

This defines the matrix. with the property (4.3) and proves the first equality in (B.1). By orthonor-
mality (Eq. (B.5)), we have:

1

bni = o

yfzpj—w;dﬂ. (B.14)
C

Similarly, considering:y)~, the completeness property shows:

n+J
= > Lty (B.15)
j=n—1
and orthonormality gives:
Fry = — St dQ = B.16
Lnj__§%; Cwnz¢y _'Lﬁh ( . )

such thatl = L!, and the second equality in (B.1) is obtained.
The same considerations allow one to write:

(2t = ‘Z Lj} (B.17)
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with
551/1 +dQ (B.18)
271'2

We note that the analytic continuation of the front-side functios) is equal toz onC. Thus taking
the complex conjugate of this equation and, in addition, using the reflection property (4), we obtain:

— e
Lnj= 5 yﬁwj 2hy dQ = Lin, (B.19)

such thatl, = L1, Proving the first equation in (B.2). The proof of the second equation follows the
same lines and we omit it.
To prove the first equation in (B.3) we examine the expansiahof aroundooy |

n L §+ ,T £+ T-i—@ 5
ot =14 ° Hext (Z] —0 2 T ‘;l Ak o (B.20)
Zﬁnefszzk (615071’ +...) zZ — 00|
Thus we have from completeness:
n+l
(9z$+n’l AR
o — U= = S Lyt (B.21)
On j=n+1
which entalils:
n+l 0
+_ +
o =D Lyvis (B.22)
j=n
with
27”356 SOt m+l>ji>n
l 0, .
LY = lé—l j=n . (B.23)
0 otherwise

To obtain the expression (4.4), féf), compare (B.20) with the expansion gf/;" to obtain:

+,1 n-l
aw+ _ Zl¢+ _ ¢+ 8léﬂon — Z a,er (B.24)
1%¥n n n &T’T . ; JW¥i .
n Jj=n—

for appropriately chosen;. Applying the orthonormality property, Eq. (B.5), to this equation, while
taking into account Eq. (B.23), one obtains:

QMQSC _ll/Jn n—l-leZn
l 0 _ .
Oon
0 otherwise
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+,17
Comparing the eIemeritﬁf,)l in (B.23) and (B.25) and taking into accou%ﬁ% ?07 , which
on Oon

follows from Eq. (B.10), one obtains
oLy yﬁw 2yt (B.26)
nn 2" 2m '

But (B.1) one has . ¢; 24, = (L),,;, which together with (B.25) and (B.26) proves (4.4) .
The remaining equalities in (B.3) and (B.4) are proved by repeating the same methods used above.
The only new ingredient is that one differentiates the orthonormality condition (B.5) to obtain:

1 1
L yﬁ Gndtde = — yf O e, (B.27)
27TZ c 271'2 C

which turns out to be useful in deriving the second equalities in (B.3) and (B.4) from the first equalities,
respectively. We thus omit these further proofs.

C Algebro-Geometrical Whitham Averaging Method

We now describe the algebro-geometrical version [28] of the Whitham averaging method [24, 25].
The method requires thinking of the variation of time as coming in two sorts, long and short. This can
be formalized by the two-timing approach, which we overview in the next subsection, this followed
first by a treatment of the averaging procedure and finally by a derivation of the Whitham equations.

C.1 Atwo-timing approach

Due to (B.14) we have the following expression Jxﬁ’) in Eq. (4.9):

— 9k Ho 5 —
2m§]§w" o Z?g e e a0, (1)

where in the last equality we have made use of (A.8) and we have included explicitly then
dependence ob® on the index, writingb;=. The expression on the right hand side of this equation
depends only o®*, which themselves depend on the tindég} only through the variabley({t;}),
given by

W({te}) = Ztk@k + t o, (C.2)
k

where
& = B3¢ + . (C.3)

It may also be ascertained thafj)(n) is bounded and that the functiods", and thUSaS), respect
the periodicity of the Jacobiamj — @« + é;, W — W + Bé;, as noted in Appendix A. We shall call
bounded functions which depends only on time throtigki;. } ) and which respect the periodicity of
the Jacobian, ‘multi-periodic’.

Due to multi-periodicity it is convenient to defiri@] as being equal taj modulo the periods of
the Jacobian, such thaf] lies in the primitive cell of the Jacobian latticg, ; Z¢é; + ZBé;. A multi-
periodic function is then, in fact, a function pfi]. Now consider some initial time{st‘;}j%";o and then
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consider what happens @] asty, for givenk, continuously increases, by an amount which we shall
denote as\t,. Namely, we considejri({t;})] for t; = t? + 05 Aty. Itis easy to see thad;] will

cover ergodically the primitive cell of the Jacobian lattice, unigskappens to be commensurate with
one of the periods of the that lattice (which is not to be expected generically). Thus a multi-periodic
function is a function from the Jacobian @ (or R), the argument of which generically covering
ergodically the Jacobian with the increase of any of the times.

The ergodic property will be important in what follows, as it will allow to replace time averages
by averages over the Jacobian. Multi-periodicity and thus ergodicity hold for the matrix elements of
L (since they are expressible through the multi-periagig:)) and for any of the operatdi(!) (due to
the way the matrix elements @) are expressible through the matrix element&pEq. (4.4). We
can thus write:

wherel denotes the Riemann surface on which the function the Baker-Akhiezer function is defined,
from which L is derived. The inclusion of the dependence.odn p is made here for future conve-
nience. It connotes the form (4.9), which includes this derivative operator. The convenience for the
inclusion of I in (C.4) will also only be revealed below, where we shall want to consider different
multi-periodic solutions. Indeed, since for every Riemann surface of the form considered above we
have constructed a multi-periodic solution, we may consider different solutions by considering differ-
ent Riemann surfaces. The matfixhus depends on the Riemann surface chosen. This is encoded
in the dependence on the somewhat abstract paranfet@smakel less abstract, one may use the
coefficient of the polynomial in two variable€g(z, S(z)) = 0 as the data contained withi as this
data uniquely determines the Riemann surface, by specifying the complex curve underlying it. We
shall not, however, need such an explicit representatidn of

The Whitham theory considers finding approximate solutions to integrable nonlinear equations by
taking slowly modulated multi-periodic solutions. To define what constitutes as ‘slow’ as opposed
to ‘fast’, one must first determine a scale fof. Let fix 7, is the typical time associated withy:
|k | ~ % Choose a small number A long time scaler, is one such that it is of the order or greater
than the scale—'7;,.. Namely,r > ¢~ '7;.. A short time scale is a scatesuch that ~'7;, >> 7. Often
one considers short time scales such #vdtr, > 7 > 7. On such time scale ergodicity takes hold,
but time is still considered short.

To make use of the separation of time scales formally, it is useful to utilize the two-timing method.
In this method one replaces the time variables,aby t;, + ¢~ '7},, and considers only situations
where botht;, andT}, vary on the scale;, or much larger tham;, but definitely smaller thaa=!7y.
The variation with respect td, are then considered slow, and thiljsis called the ‘slow time’, while
t is the fast time, corresponding to the fast variations with respect to it. A modulated solution is one
in which the Riemann surface is allowed to vary with the slow tiffie,while the phases depends
on the fast timety, :

Lity +e7"T) = L (@ ({te}), P I(T})) (C.5)
where
. 0

Thematrix elementof suchan L areslowly modulatedsolutionsof two dimensionallodalattice.
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The form (C.5) conveys the fact that the multi-periodivaries only on the long time scal&.
This form is an approximate solution to the two dimensional Toda lattice equations, which becomes
exact in the limit: — 0. Indeed, in this limit a variation of the argument biby dr is accompanied
by variation of the argument df by edr — 0, and the multi-periodic wave becomes unmodulated.
The form (C.5) is, however, rather naive, in that it is not a good basis as a zeroth order term in an
expansion in the small parameterA better ansatz is given by:

L=LE""W{Te}), P I(Ty)), (C.7)

with

oW . oW
_— = W e
o, " T
This ansatz also coincides with an unmodulated solution in the dimit 0, but takes better account

of the change of the phase of the multi-periodic wave as the wave is modulated.
Note that the integrability of equations (C.8) imply:

(C.8)

£

0y, _ &Dl’ &U_k _ &El’ (C.9)

on, oJTy o1, 0T}
and the complex conjugates of these equations. These equations called ‘conservation of waves’ con-
stitute constraints on the way the Riemann surface may change. These constraints are not enough to
determine the dynamics, but shall be useful below to obtain the modulation equations in full.

We shall need two more ingredients in order to proceed. First, we shall want to include the first
order correction term to (C.7), which we shall denotesldy. Second, we shall need in the sequel
derivative of Ly with respect to the slow times which appearslironly. Namely, neglecting the
derivative of the slow times inV. It is thus useful to introduce the tim&s as follows

L=1L (s—lw {Te)), P, I ({Tk})) tely+... (C.10)

and takeT}, = T} at the end of the calculation. The operafoiis still given by (C.6), as the shift
operator in (4.9) does not depend {jﬁc}, since it does not hil.

Note that, as a result of the three-timing method, a derivative with respect todjimehich was
taken before the slow times were introduced and before these slow times were split imdif’k,

becomes the expressidh + c52- +-2-| ., after the introduction of the new times.
k OTy, Ty =T}
Finally, note also that a similar expansion holds fdb). We write this expression for future

reference:

1O = L) ("W (T P ({Th})) +eL. (C.11)

We shall use the boldfacE to denote both time®) and7]. Furthermore we shall write:
0 0 0
—_— =t —.
oT, oL, o1,
To obtain (2.51) as the semiclassical limit of the zero curvature conditions, Eq. (4.6), we start
from the latter equations and expand them.iiWe have:

P 9 9
o 0 Lp 9 ()
o, T Com "ou. o,

(C.12)

=0. (C.13)
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Substituting formZL (") and L the expansions (C.10,C.11), akd= p + =3y, and then expanding if,
one obtains that the zero order termg ivanish due to (4.6), while the first order termeiryields the
equation:

F-c (C.14)
with
oLl oLy (k)
p=di o 0, 1y (C.15)
oL\" oL
G = — S — (1) 1) - 1. ) (€.16)
oty Oty

The Poisson bracket on the left hand side of (C.14) is defined for any two functiBreoti T;, as
follows:

8A 9B 0B 0A

A(p, Ty), B(p, T, —

(C.17)

and it assumed that the operators act on functions of the fast variables only. Note alfb that
a% + %T is equal to leading order o= -2 915 0ne may replacé by p in (C.14). _ _

The appearance of the Poisson bracketsAln (C.14) is related to the expansion with resméct to
functions of P = j + e5%- . Indeed, givenA(P, Ty) and B(P, Ty), one may expandi (P, Ty) =

A(p, Tp) + 5%;%)% + O(£?), with a similar expansion foB. One then obtains:

[A(P,Ty), B(P, Ty)] = [A(p, To), B(p, Tv)] + e{A(p, Tv), B(p, To) }+ (C.18)

OB oA\ 0
e (14 22] 2 5. 24]) 2 1 o),
5([ aP] [ aPDGTo 2

Since we assume the operators act on a function of fast times only, we can drop the third term on the
right hand side.

C.2 Averaging

We define the averaging of any matrik, as:

no+L

J
- Y / A k];[l dty. (C.19)

n=no—L1i,jEZ

(4) =

L—>oo

The scalel is to be intermediate between the fast and slow scale. Namelymust be thought
as a small number. Since this small number does not, however, scale, ioththe purpose of the
expansion ire, one may assume—! ~ . Note that in the limitL — oo, the sum overn becomes a
trace, and thus one expects:

([4, B]) ~ % ~ €. (C.20)

For this to be true, it is necessary that the object being varied pdefR], is bounded within the
domain being averaged over.
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An important average that we shall encounter will be of the fotf; 4, B]), with £, being a
matrix with elements given by:

~

We shall need an alternative representation of such an average. For this purpose note that the average
can explicitly written as:

nyg
([foA, Bl) = > (nAnntjBuijn — (0= ) AnjnBun—i) g,y » (C.22)

j n=n;

wheren; = no — L andny = ng + L. Here the average on the right hand side, denoted.by,, ;, is
an average over the timeg, with & > 0, only. This expression may be further simplified by writing:

n;+J
<[t0A B Z( Z Z) nAnn+] n—l—jn>{tk} (C23)

7 n=ng—j nN=n;

Sincej < L, one may replace by ny in the first sum ana by n; in the second sum. In addition, if

A and B are multi-periodic, all the terms in the first sum are equal to each other in leading order, due
to ergodicity, and the same is true for the second sum. Taking all these considerations into account,
we may write:

<[£0A7 B]> = Z] <annf,nf+jan+j,nf - niAﬂi,ni+jBni+j,ni>{tk} + 0(5)7 (C24)
J
which in turn can be written as:

ny—1
([foA, B]) = > ((n+1)(Alto, BDns1,+1 — n(Alto, BDun) gy, + O(e)- (C.25)

n=n;

The fact that this equation is equal to the one preceding it easily follows by returning to a representa-
tion of (A[to, B])n.n asy; jAnn+jBntjn, and similarly for(Alto, B])nt1.n+1- Ergodicity implies
that, to a high precision(( Ao, B})”+1v”+1>{tk} = ((Alto, B])nm}{tk}, which leads to:

{[foA, B)) = (Alto, B]) + O(e). (C.26)
Finally, we may use the equatidfy, B] = —%—g, which holds generally to write:
. 0B 0B
([toA, B]) = — < ap > +0() = — < p > + O(e), (C.27)

where in the last equation we used the fact that the average over the commutator of two mulit-periodic
functions is small. This equation, which holds for quasi-periodicand B, will be useful in the
following.
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C.3 Kirichever's derivation of Whitham

The algebro-geometric version, due to Krichever [28] (see also [27]) of the Whitham averaging
method, consists of averaging the nonlinear equations with the Baker-Akhiezer function. Thus, we
shall consider objects such ad¢ "¢ ~t). Heret denotes the transpose, such tHat™* is a ma-

trix whosemn element isy ", A,,;1; 1, . Furthermore, the Baker-Akhiezer function is assumed to
depend on the fast times through the varialfleg that appear explicitly in (A.8), the dependence

on the slow times is implicit in this explicit formula, through the meromorphic differentid]s,the
frequenciesjy, and indeed the definition of the Riemann theta function, Eq. (A.4), which depends on
B, which is itself a function of the slow times. Note that

(QZ+((E )n n+j = <I>+<I> ejHO (C28)

and following the multi-periodicity ofo*, the matrix elements o,f»*zﬁ—t are also multi-periodic.
Applying this averaging procedure to (C.14), we shall show that one obtains:

0= (GyHy~) = (Fyty), (C.29)

with F' and G defined in (C.15) and (C.16), respectively. We shall show this by showing that
(GyTp~t) = 0, and thenF = G gives the second equality. Indeed, consider averaging applied
to G. One easily obtains from (B.3):

(k) I
o (B3 = L EPL G - LG ). (e30

Averaging this equation, the left hand side vanishes to leading order as an average over a full deriva-
tive, and one obtains:

oL . -
o:< e U + L g%w—t—Lgk)ww—tLg“>. (C.31)
This can be written as:
oLt
0—< T (L L [ et 4 (1), L }> (C32)

As an average over a commutator of multi-periodic functions, the last term on the right hand side
vanishes in the limi. — oo (or rather is of higher order ig). If we follow the same procedure with
k and! interchanged, one obtairi& T4 —t) = 0 and thus(Fy 1) = 0

The specific terms in the equaticiﬂqﬁz;*t) = 0, when one inserts the definition @, Eq.
(C.15), can be further developed to obtain the modulation equations we seek, Eq. (2.51). We start
with the first term in the definition of’, that is the first term on the right hand side of Eq. (C.15).
To be able to re-write the average over it with the Baker-Akhiezer functions, one first considers the
following objects:

a%a% (F+d) = (C.33)
_ 8% (L(k)djﬂzx_t _ Q;-&-q;/—tL/(k)) _

l
_ a% ((z® - L/<k>>J+1;/—t_ [ww’—t LI(MD’
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where the prime denotes taking the function at slow tifiEq rather than af 7} }. We may now take
{T;} = {T}} in this equation to obtain:

9 9 (- LW et .,
9 0 _ 9L Dt ] 34
8’1’18tk< ) A 7 (€39

. . L+ ..
The derlvatlve%’% reads explicitly:

ot OHy | 08w =g\ = 5 (OHo 08y =g\ - 00T
81}._;§%un< o7, +—8ﬂ v )qp + o 873+'812 V@) gt + T (C.35)

wheref, is defined in (C.21) and the gradiewit” denotes taking the gradient derivativedt with
respect to its first, vector, argument. Namely,
VIt = RS teH) ﬁ%ﬂw)’ . (C.36)
w=w({ty})
Inserting (C.35) into (C.32) and making use of (C.27) gives:

0 0 o=\ JOLW o LR (OHy 030 o\ oy
az}atk@‘z’ >_<3Tl¢¢ ap 8Tl+aTl A KAV (C.37)

On the other hand taking the opposite order of the derivatives in (C.32) one obtains:

9 0 - -, 0 O0Hp, 0dm =g 0\ = -y

8tk8le 0 = 5 ((Em:tm<aTl + 77 v >+ai})w Pt . (C.38)
Averaging over this equation, and discarding averages over full derivatives (note that one averages
over all times and thus, e.¢t,,0 . . .) = 0, by ergodicity, even fok = m.), one arrives at:

a a iad nd 8H a(;j = = — —
T Z oty = ([ 2R L TR g gt
a0 7 40 ) <<8Tl Ton Y >¢ v > (€39
Equating (C.37) and (C.39) one obtains:
oL® -, -,
< T, (AR = (C.40)

_J(OH) | 0Dk <\ vt OLW™) (0Hy 030 =g\ ~+
<(aﬂ+aﬂv>¢¢ o \on Tan Y )V )
giving a representation of the average over the first term in the definitidf &g. (C.15). In that
respect note that exchangilﬁ&) by L(¥) has no consequence to leading order.

We may subtract this equation the same equation where the rotezrafl are reversed. Making
use of the conservation of waves, Eqg. (C.9), one obtains:

oL® L0\ . -,
<<—8Tl T T ) A ES (C.41)
_ (0Hx OH\ o\ OHo [OLW o\ OHo JOLY oy
_<a:n aTk><d’ ) an \op YV ) tan \ s VY )T

8&70 8L(l) = —»+ _’*t 8&50 aL(k) = 0 _,+ _,7t
+6_Tk<apvw “an \ ap VY
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To deal with the average of the third term in the definitionfpfEq. (C.15), one considers
0 i oLt %/er_}'ft _ i oL w%w _ Gﬁ%ﬁﬂ‘/ _
8T6 oty ap oty op B

k l
= 82” <8g€ : (L/(l) _ L(l)> Dt - oL® (L/(k) _ L(k)> s _'t> ,
0 p

(C.42)

0p v
whereG is defined in (C.16). TakingT'} = {T"}, one obtains:

o (oL®W o9+ -, o (oLV ayt . — UL® OVt
<a_tl< o5 om" )> <8tk< ap 8T0w >>—<{L LYY, (C.43)

where that fact thatGy ") = 0 for all T; has been used. One may compute the left hand side
of (C.43) by first applying the derivatives with respectitpand only then taking the derivative with
respect ta; or t. Much the same methods as were applied to obtain (C.41) allow one to write

o oH, [oL® . . oH,;, [ oLW -,
(k) ! + -t \ _ 9k

(LW, LYty = 8T0< 9 YT > aT0< % e > (C.44)
au—jl 8L( =0 _“Jr Tt 8(1_}']43 8L(Z) —'u—; —»+ —

+8To<8Avww o \ o L VY

We are now in a position to write dow(FJ+1/7t—>,by combining (C.41) and (C.44) with the
definition of 7, Eq. (C.15). Taking into account the conservation of waves, Eq. (C.9), yields

_ (9Hx _OHY fpp oy (OHL  OHy aL< .
0= <8T1 aTk><w w >+ aTO 8T1 w w
oH, 0H,\ /orL® -, -,
+<8Tk_a:r’o>< 5 v Y

To further simplify this equation consider:

_ /9 9 (o 0 (00T =)\
0= <8z’8tk (949 )> o _<8tk ( o - (C.46)
o+

(C.45)

oL™ It ot
:—H0< 55 VT ) — H (),
which combined with (C.45) gives:

OH, 0H,

B 0H, OH, oH, oH,
0_(81} aTk>H° <8Tk 8T0>Hl <8T0 aTl>H’“‘ (€47

These equation must be true for albn the Riemann surface. Examining the analytic properties of
each term of this equation, one obtains that an over-determined set of conditions on the functions
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multiplying Hy, H; and H;, must be satisfied if the right hand side is to be equal to zero, implying that
each summand is zero by itself. Leading to:
OH; O0H; _
or; oT;

(C.48)
for any ¢ andj (including any two chosen from the sék,,0}), which is equivalent to the first
equation in (2.51). The same methods may be applied to obtain the second equation, namely:

oH; OH; _
or; oT;

(C.49)

We shall give details of how (2.21) is obtained from (4.8) by averaging since much the same methods
are employed here as well.
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